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Supporting information regarding thermal noise sources is provided in this Supplemental Material.

THERMAL NOISE SOURCES

The fluctuation-dissipation theorem (FDT) allows thermal noise contributions to a GALILEO measurement to be
characterized according to the associated loss mechanism. Before estimating various noise contributions, let us briefly
review the FDT. The temperature-dependent fluctuations of the effective interferometer arm length difference (i.e.,
effective displacement) z as our observable can be written as:

0z = A/d?’r 0T (r)q(r) (1)

where ¢(r) is a space-dependent form factor and A is a coefficient that relates temperature to the observable of interest
z. In this work, the form factor is proportional to the laser beam intensity profile in the transverse plane and is assumed
constant along the beam line, i.e.,
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with Rpeam being the Gaussian width of the optical beam intensity profile.

We are interested in calculating the noise power spectral density (PSD) S5, = (dz(w)dz*(w)) where w is an arbitrary
frequency within the range of light-DM masses relevant for the detector. According to FDT, one performs the following
steps for each relevant loss mechanism:

» Assume a periodic, local entropy injection dsinj(r) to the measurement system, with a density of
Osinj(r) _ 1 6Qinj(r)
oV T &V

where 0Qinj is the injected heat/energy, and T is the mean temperature. If z has dimensions of length, then Fj
has dimensions of force, with a magnitude set by the specific loss mechanism being considered.

= Fy cos(wt)q(r) (3)

e Calculate the dissipated power Wy;es associated with each loss mechanism considered.

e Compute the the noise PSD for each loss mechanism via

86T (Waiss
Ssx(w) = A*= < ;g i (4)

where kp is the Boltzmann constant and (- --) denotes time-averaging over one cycle with period 27 /w.

TableI provides benchmark experimental parameters. Note that we choose the hierarchy L. < Rpcam < Lz, which
is analogous to the geometry of LIGO mirror coatings; the calculations that follow will also be analogous.

We will compare different thermal noise contributions with quantum (photon shot) noise, assuming lithium niobate
(LiNbOg3) as the electro-optic (EO) material, with the amplitude spectral density (ASD) of the quantum noise (see the
main text for details):

ASD, s = v/ Riaeer Pn = 9.7 x 1010 J‘% . (5)

Using the transfer function 6P,y /0L = (27/A)PuNF ~ 2 x 1013 W/m we can translate this ASD to an effective
displacement ASD:

ASD, .. = /S, ~ 4 x 1072 \/% (6)

According to the following computations of the thermal noise sources for an operational instrument temperature < 200 K,
we conclude that in the DM mass range of interest:

ASDthermal < ASDsn (7)



[Parameter | Value [Description

F ~10° Cavity finesse

P 5W Laser power
A 1064 nm Laser wavelength

Rpeam lcm Gaussian width of the laser beam

T 200K Cavity temperature

L. Lo <6.7mm |EO material thickness

Ly 5cm EO material lateral dimensions
o 0.25 Poisson ratio™

Yo 170 GPa Young’s modulus™

%) 1076 Loss angle™

P 4.64g/cm® | Density*

K 4.6 W/(m - K) | Thermal conductivity™

c 628 J/(kg - K) |Heat capacity”

e 14.8 x 1075 /K| Thermal expansion*

Jé] ~ 5 x 107*/K | Thermo-refractive coefficient*
*The material properties are reported for LiNbO3.

TABLE I. Benchmark experimental parameters.

Brownian noise

Homogeneous mechanical damping inside a material is typically characterized by an imaginary contribution to the
Young’s modulus:

Y = Y[l +ip(w))] (8)

where ¢ is the so-called loss angle, which is given by the quality factor of the material’s internal mechanical modes as
¢ = 1/Qint. The dissipated power due to ¢ can be written as (Waissjmechanical) = @@ (w)Udet, Where Uget is the maximum
elastic deformation energy of the material under an oscillatory drive at frequency w. Assuming that L, , > Rpeam and
that the mechanical resonance frequencies are far away from w, one recovers the well-known result for the Brownian noise
PSD as studied in the context of interferometric gravitational wave detectors [96]:

kT 1-— o?
w 7"'QYVORbeamQP

9)

Sﬁz\Brownian ~ 1.87 %

where the numerical factor 1.87 applies to a Gaussian optical beam. Therefore, for LINbO3 EO material in the GALILEO

detector we have:
—— o (27 x 10GHZ\"? m
ASDBrownian = Séz|Brownian ~6.1x10 24 ( w > \/IE (10)

for the choice of parameters in Tablel.

Inhomogeneous thermal noise

Whenever there is space-dependent temperature variations §7'(r), there will be entropy redistribution, and therefore
dissipation, due to heat flow. The rate of change of entropy density s in terms of heat flow per unit area j is given by
$=—(V-j)/T, which implies:

V-J 2 . 1
Waiss = =T | &Pr—==-T [ d®?A- = -T [ &3 j V(= 11
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surface bulk
where we used Wyies = TS. Using k as the thermal conductivity in the bulk, i.e., j = —kVT, the second term can be

written as:

K <
Waiss|bulk = T /ddr (VoT)? (12)



To proceed with the surface term, we assume radiative thermal equilibrium with the surrounding environment, which
implies a vanishing net radiative heat flow. However, at first order we have j = 4€emmospT>0T (linearized Stefan-
Boltzmann law), where €omm and ogp are the EO material’s emissivity and Stefan-Boltzmann constant, respectively. As
a result, the radiative surface dissipation is:

1 .
Wdiss|surface = T /d2A joT = 46eran'SBT2 /dxdy 5T (13)

Next, we employ the process of entropy injection according to Eq. (3), so that we can use the FDT to compute the
noise PSD. We solve the diffusion equation with this source:

. OQini
COT — kV?6T = 0 - 14
p (% (14)
which can be greatly simplified considering the hierarchy of length scales involved in the problem. We notice that the
sharpest spatial heat injection gradient in the system is given by the laser beam radius. For the benchmark parameters
given in TableI, we can thus neglect the second term in the diffusion equation. As a result,

1
0T = p—CTFo cos(wt)q(r) (15)
with ¢(r) = (1/L,)I(z,y). The bulk and surface dissipated power, following the above integrals, are [100]:
KTFZ 1 1
) = — 1
<Wdlss\bulk> 2;0202 L. WRﬁeam ( 6)
2€emm0spT*Fg 1 1
<Wdiss\surface> === o8 ° — 2 (17)
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Thermo-elastic effect. Temperature fluctuations can couple to the interferometer phase noise through thermal ex-
pansion [97]. For a non-zero thermal expansion coefficient a@ # 0,

02=0L, =a(l+0)L,0T (18)
where, o is the Poisson ratio. Therefore, the A coefficient in the FDT for thermo-elastic noise source is:
Arg = a(l + O')LZ (19)

Thermo-refractive effect. Temperature fluctuations can also couple to the interferometer phase noise through the
temperature dependence of the refractive index [98]. In other words, if 5 = dn/dT # 0,

0z=0L, = —BNT (20)
In this case, the corresponding A coefficient is:
Arr = —BA (21)

As pointed out in [99], we should consider thermo-elastic and thermo-refractive effects coherently. We thus define a
total coefficient:

A=Arg + Arg = a(l + U)Lz — BA (22)

Finally, we are ready to combine all results into the FDT, and compute the bulk and surface contributions to the
interferometer noise:
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which implies,

27 x 10 GHz m
ASDyp ik = 1/Sszibulc =5.6 x 10729 25
bulk 8z|bulk X w Jz (25)
2 10 GH:
ASDsurface =1/ SEZ\surface =1.1x 10_29 ( mx 106G Z) = (26)
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for the choice of parameters given in TableI and €y = 1.




Photo-thermal noise

Another source of temperature fluctuation inside the EO material is photon absorption. Optical photons absorbed in
the material can generate a collection of phonons that thermalize quickly and lead to local temperature increase [97].
The noise PSD due to such a process in a thin material is calculated by Braginsky et al.:

h'(*)laserWabs 1
55 hoto—th 1:062(14'0')277
z|photo erma’ (pOﬂ_R%eam)Q w2

(27)

where wiaser and Wops are the carrier frequency and average absorbed power. We assume that 10% of the total power
gets absorbed in the medium. In this case, we have:

T _ 21 x 10 GHz m
ASDphoto—thermal = Séz|photo—thermal ~1.3x10 28 < w > \/E (28)

for the choice of parameters given in Tablel.
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