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Preface

This dissertation represents the 4 projects that I led during my graduate studies, dabbling
between quantum sensing experiment, simulation, and theory. Along the way, we also contributed
original software for publication and explored deep reinforcement learning for quantum control.

Here I provide a brief timeline of those projects.

I began my PhD working on NV-diamond experiments for magnetic field sensing. In this
publication (link), we found that Ramsey magnetometry experiments exhibited envelope mod-
ulation effects that negatively affected magnetic field sensitivity. We developed a model that
predicts the properties of these modulations (based on perturbation theory), and validated these
predictions experimentally across a range of magnetic fields.

Next, I began studying how concepts in nuclear magnetic resonance are used to improve
pulse sequences, for both dynamical decoupling and quantum sensing. After studying a theoreti-
cal approach (Average Hamiltonian Theory or AHT) that was seminal for development of state-
of-the-art sensing protocols, we discovered that AHT produces inaccurate results in experimental
regimes where it is often applied. In this work (link), we documented not only the breakdown
of AHT in sensing regimes, but also presented 1) conditions for AHT to converge (thus retaining
its ability for accurate predictions of quantum dynamics), and 2) an exact alternative method for
calculating a dynamical decoupling sequence’s impact on sensitivity.

My PhD comes to an end with my longest-running project, based on applying deep rein-
forcement learning (RL) to synthesize dynamical decoupling protocols. This includes the devel-
opment of robust environments for algorithm training, and assessments of RL methods for the
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goal of preserving quantum states.

These works were accompanied by internal development of software for matrix-based
quantum evolution, resulting in TEMPO: an open-source Python package for simulations of pulse
sequence dynamics (see links to Arxiv, Documentation, and Github). TEMPO provides two main
benefits to existing approaches. First, it provides significant speedups in simulation (wall-clock)
times compared to naive implementations. Second, the package is structured to be highly acces-
sible, including for experimentalists with existing familiarity with pulse generator hardware and
arbitrary waveform generators.

I believe that academic research is driven by collaboration, and I deeply value mentorship.
During my PhD, I’ve had the privilege of mentoring both undergraduate and graduate students,
one-on-one and in small collaborations - they were essential to any success I’ve had in graduate
school. I am proud to have “equally contributed to” multiple manuscripts alongside some of

them, though their impact on my life is beyond measure.
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1.1

1.2

List of Figures

(a) Experimental setup schematic. Diamond containing an ensemble (= 0.3 ppm)
of 1°NV centers is probed using 532 nm green laser excitation through a micro-
scope objective, with red fluorescence collected back along the same path. A gold
(2-shaped waveguide is placed above the NV layer for microwave (MW) delivery.
A pair of ring magnets apply a bias magnetic field at two distinct orientations,
aligned and misaligned with the symmetry axis for one class of NV centers. Top
right inset: diamond crystal axes and bias field orientations relative to a single
NV quantization axis. Bottom right inset: NV electronic energy level diagram
of ground and excited states. (b) Example Ramsey time series measured for bias
fields aligned (gray) and misaligned (blue) to one class of NV centers. Effect of
electron Ramsey envelope modulation (EREEM) is clearly observable for data
with the misaligned field. Upper inset: Ramsey pulse sequence diagram. . . . . .
(a) Energy level diagram for the 1°NV ground state, with splittings due to Zeeman
and hyperfine interactions assuming an aligned bias field. The frequency of an
applied microwave field v, is centered between the two my = 0 <> my = +1
electronic resonances split by the NV hyperfine interaction. (b) Effective mag-
netic field vectors on the >N nuclear spin due to a misaligned bias magnetic
field, for each electronic spin state |ms). The nuclear spin experiences an ef-
fective magnetic field consisting of an electronic-spin-dependent contribution
5 (ms), and a component Bind that is independent of the electronic spin state.
(c) Example NV Ramsey free induction signal due to a bias magnetic field
of magnitude B = 100G at a misalignment of 22°, showing envelope modula-
tion. The amplitude modulation x(7) is indicated, showing oscillations between
Xmin = €08 (Pg 1) and 1, with a characteristic period 27 /wp. (d) Amplitude
spectrum of the Ramsey signal from (c), revealing two peaks split by the enve-
lope beat frequency wy = 27 x 254kHz. (e) Effective magnetic field vectors
on the N nuclear spin. For all three electronic spin states, the corresponding
effective fields on the nuclear spin are nearly parallel due to a dominant nuclear
quadrupolar field. . . . . . . . ...

Xiii
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1.3

1.4

L.5

1.6

Ramsey experimental data and envelope properties from model fits. (a) Example
Ramsey time series at field magnitude B = 90.08(2) G and misalignment angle
6 = 16.79(9)°. Data is shown in black and the fit in blue. The observed slow
beating is an example of EREEM. (b) Estimates of envelope beat frequency wy
extracted from fits to experimental data, collected across a range of magnetic field
magnitudes and orientations. Theoretical predictions for wy are shown in solid
lines for each magnetic field. After allowing the transverse hyperfine constant
A to vary as a fitting parameter, updated wy predictions at each field are shown
with dashed lines. (c) Estimates of the relative contrast at amplitude modulation
nodes, \min, for the magnetic field configurations used in (b). Solid lines indicate
theoretical predictions with A, fixed. Inset: Magnified view of Y, values for
misalignment angles 20° < 6 < 40°. . . ... ... oo
Calculations of expected Ramsey magnetic field sensitivity with and without en-
velope modulation (EREEM), and at different bias magnetic field configurations.
(a) Inverse sensitivity ! vs Ramsey free evolution time 7 without EREEM,
given by Eq. (1.9) for fixed dead time T, = 5 us and dephasing time 7 = 5 ps.
The optimal inverse sensitivity 7];& is indicated, corresponding to a free evolu-
tion time 7,y indicated in all subfigures with a vertical dashed line. (b) Relative
inverse sensitivity with EREEM 7)., /7, normalized to the optimal sensitivity and
free evolution time established in (a), for two distinct magnetic field misalign-
ment angles § = 10°, 20° at the fixed magnitude B = 100 G. Adjusted optimal
evolution times 7,y are indicated by symbols <. (c) 2D color plot of the normal-
ized inverse sensitivity at a fixed misalignment angle 6 = 10°, across bias field
magnitudes 0 < B <200G. . . .. ... L

Comparison between experimental single-quantum (SQ) and double-quantum (DQ)

Ramsey measurements under a misaligned bias magnetic field. Representative
SQ and DQ Ramsey data collected at a bias field magnitude B ~ 50 G and mis-
alignment angle 6 ~ 35°, in both time (a) and frequency (b) domains. The
inset in (b) shows the effective magnetic fields gind + 5 (+1) coupled to the
nuclear spin, due to the electronic spin states |m, = 1) participating in the
DQ protocol. The effective fields are nearly antiparallel (®_; {; ~ ), result-
ing in no observable envelope modulation in the DQ Ramsey signal (Ymin =
|cos®_y 1] ~ 1). (c) Calculation of relative contrast at amplitude modulation
nodes Ymin for both SQ and DQ Ramsey signals, over a range of bias magnetic
field magnitudes and misalignment angles. For SQ Ramsey, calculated values of
Xmin = |€c0os®q 1| = |cos¢q| are shown, obtained using Eq. (1.5). For DQ
Ramsey, Xmin = [cOsP_1 11| = |cos(Ppr1 —P—1)]. -« o o o o v oo
Transition frequency difference A, between my; = 0 <+ +1and my; = 0 <
—1 resonances as a function of misalignment angle. Calculation is performed at
90 G. (a) Numerical results of A using the full NV ground state Hamiltonian
(solid red line) and the approximate formula from perturbation theory 2+, B cos 6
(dashed blue line). (b) Absolute and percentage deviation of A_; between the
two calculation methods. . . . . . . ... oo
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1.7 Example bootstrap fit result for the EREEM beat frequency. Starting with a single
Ramsey time series, 10, 000 additional datasets are created by randomly sampling
with replacement from the initial time series. Estimates of the EREEM beat fre-
quency wy are extracted using the MATLAB 1sqgcurvefit function for each
dataset. The distribution supports the assumption of normality used by the stan-
dard interval method for confidence interval (CI) construction. . . . . . . . . ..

1.8 Experimental Ramsey time series data obtained using a purposefully detuned
microwave driving frequency, with its corresponding amplitude spectrum dis-
played as an inset. The larger detuning enables clear separation among all fre-
quency components. The fit result for the EREEM beat frequency wy/27 is
273.3 = 1.4 MHz, which overlaps with the confidence interval (CI) of the corre-
sponding beat frequency fit result, 273.6+0.8 kHz, obtained when the microwave
frequency is centered between the hyperfine splitting. . . . . . . ... ... ...

1.9 Experimental single-quantum Ramsey time series measurements (left column)
and corresponding amplitude spectra (right column) at various bias field mis-
alignment angles 6, at a bias field magnitude of 90.08(2)G. . . . . ... ... ..

1.10 Calculation and comparison of Ramsey envelope (EREEM) beat frequency wy as
a function of bias magnetic field magnitude and misalignment angle, using an-
alytical approximation and QuTiP numerical simulations. (a) w, obtained using
numerical simulations (circles) and analytical perturbation theory (solid line), for
magnetic fields between 40 G and 140 G. (b) Absolute differences between wy es-
timates from QuTiP numerical simulations and analytical approximation, for the
field configurations shown in (a). (c) Percentage deviation between w estimates
from QuTiP numerical simulations and analytical approximation. . . . . . . . . .

1.11 2D color plots of the normalized inverse sensitivity with respect to the Ramsey
free evolution time 7 and bias magnetic field magnitude B, at 2 distinct misalign-
ment angles = 20° (a) and 54.7°(b) . . . . . . ...

1.12 Results for the transverse hyperfine parameter A, as a fit parameter to the Ramsey
envelope (EREEM) beat frequency wy, extracted from experimental data, for a
range of magnetic fields, with error bars showing the 95% confidence interval,
shown in black. Estimated corrections to values of A, are depicted in red, using
the discrepancy between QuTiP numerical simulations and theoretical predictions
of WO. v v e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

1.13 Calculated double-quantum (DQ) Ramsey relative contrast at amplitude modula-
tion nodes xmin = | cos (®_; 41)|, for magnetic field magnitudes B up to 800 G
and misalignment angles up to 90°. Dashed contour lines indicate magnetic field
configurations where i, equals 0.9 and 0.5, representing 10% and 50% contrast
loss at envelope nodes, respectively. . . . . . ... ... ... . ...

2.1 Fig 1 (a) WAHUHA pulse sequence and toggling frame representations. (b) Ef-
fective field corresponding to leading order average Hamiltonian. (¢) WAHUHA
time series (0, (¢)) and corresponding power spectra, obtained using the first or-
der average Hamiltonian (gray) vs ground truth unitary evolution (red). . . . . .
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2.2

2.3

2.4

3.1

3.2

33

Fig 2 (a) State fidelity between exact and AHT evolution for varying sequence
duration t, where U™ (t) is calculated for m = 1,3 and compared to the ground
truth unitary Uy(t). (b) Spectral norm of Magnus expansion terms | ™| for m =
1,3, 5,7 for the WAHUHA protocol, for varying sequence duration ¢. The region
of guaranteed Magnus series convergence ¢ < r./7 is shaded in gray. . . . . . . .
(a) An initial state v is transformed by a pulse sequence unitary propagator to
Upp. In the presence of a perturbation field V' (i.e., a target signal field to be
measured), the final state is Uy1). The operator ) generates a unitary operator
U. = e ** such that U; = U.U,. (b) Exact coupling factor o, for the WAHUHA
pulse sequence, as sequence duration ¢ is increased. . . . . . . .. ... ... ..
(a) Square wave perturbation with amplitude ¢, changing sign with each tog-
gling frame. Each pulse P; is applied to the quantum sensor (e.g., NV elec-
tronic spins in diamond) before the i-th frame. For an initial sensor spin Hamil-
tonian S, the resulting toggling frame Hamiltonians for pulse sequences XY8,
WAHUHA+Echo and DROID-60 are shown. (b) For each sequence, the exact
coupling factor «. is plotted as a function of sequence duration ¢. Calculations
for XY8 and DROID-60 agree with predictions obtained from first-order AHT,
Le, HO

(a) Conceptual illustration of ensemble cluster sampling (ECS), where n¢ clus-
ters are drawn from distributions of Hamiltonian parameters.(b) Distributions of
nearest-neighbor diamond lattice spacing d and corresponding coupling strengths
J, for defect concentration C' = 2ppm. (c) Average variance of the propagator
under a Ramsey sequence as a function of the number of clusters Ny, averaged
over 5000 samples per point. The inset shows example variance distributions.
Saturation approaching Ny, = 100 sets the minimum cluster count for simula-
HONMUSE. . & v v vt v e et e e e e e e e e e e e e e e
(a) Schematic of deep reinforcement learning approach using proximal policy op-
timization (PPO). The policy network 7,(s;) decides the pulse action a, at integer
step t, which is applied to the ECS environment followed by a free evolution
period 7. The resulting state s, is fed back to the network to decide the next ac-
tion. Network weights are updated periodically using the ensemble reward R. (b)
Decoupling score histograms for best-performing RL PPO sequences from point-
sample training (light blue) and ECS training (dark blue). (c) The beam search
algorithm starts with a random seed sequence—a beam—and generates all neigh-
bor sequences with up to k£ pulse changes. The top np = 100 pulse sequences are
selected as new beams to repeat the search. (d) Histograms for best-performing
beam search sequences for point-sample (green) and ECS training (dark green).
Reference sequence Angle-12 from Peng et al.!! is plotted in both (b) and (d) as
black histograms. . . . . . . . ...
(a) Ramsey decay curves show ensemble sz projection decreasing with free evo-
lution time 7, for varying defect concentration C' with central spin simulations.
(b) Fitted decay timescales are plotted as a function of C, on a log-log plot. A
reference line from Bauch et al. is showninblack. . . . . . . ... ... ... ..
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34

3.5

3.6

3.7

3.8

39

3.10

Statistics for genetic algorithm repeated with 50 seeds. Left: Best fitness values
]:'best(ng) averaged over 50 seeds, as a function of generation number n. Right:
Best fitness value across all 50 seeds, plotted at each generation. Black dashed
line shows fitness of sequence B under these conditions. Hamiltonian parameters:
N =3, Jyuw = 1kHz, 7 = 2us, a = 10 kHz, +5% pulse rotation error. GA
parameters: Ny,, = 501, Ng = 4000, Ny = 3,Pc = 0.5, pc = 0.1, Py =
0.5, par =006 . . L L L e e e e
Statistics for genetic algorithm repeated with 50 seeds. Left: Best fitness values
fbest(ng) averaged over 50 seeds, as a function of generation number ng. Right:
Best fitness value across all 50 seeds, plotted at each generation. Black dashed
line shows fitness of sequence B under these conditions. Hamiltonian parameters:
N = 3, Jyuw = 1kHz, 7 = 2us, o« = 10 kHz, no pulse angle error. GA
parameters: Ny,, = 101, Ng = 4000, Ny = 8,Pc = 0.5, pc = 0.1, Py =
0.5, par =0.06 . . o L e
Fitness graphs for genetic algorithm executions with individual pulse mutation
probability py, (denoted as P MUTATE_INDEP) varied between 0.01 and 0.15,
each repeated over 50 seeds. Left: Each trace shows the best fitness values
]:"best(ng) averaged over 50 seeds, as a function of generation number ng. Right:
Best average fitness values at the last generation (no. 400). Standard deviation
across all 50 repetitions are shown as error bars. Black dashed line shows fitness
of sequence B under these conditions. Hamiltonian parameters: N = 3, J;,; =
1kHz, 7 = 2us, a = 10kHz, +5% pulse rotation error. GA parameters:
Npop = 101, Ng =400, Ny = 3,Pc = 0.5, pc = 0.1, Py = 0.5, ppr = 0.06 .
For the pulse sequence with the highest fitness from Fig. 3.4 (right), plots show
fitness when Hamiltonian parameters are changed in the presence of +5% pulse
error. Top left: o and 7 are varied. Top right: J;,,; and 7 are varied. Bottom left:
Rotation angle error and « are varied. Bottom middle: Rotation angle error and
Jine are varied. Bottom right: Rotation angle error and 7 are varied. White dot-
ted line indicates parameters used for GA execution and pulse sequence search.
Green dashed lines mark fitness contours for this pulse sequence. . . . ... ..
Fitness of DROID-60 sequence over a range of Hamiltonian parameters, in the
presence of pulse error +5%. Left: « and 7 are varied. Right: J;,; and 7 are
varied. White dotted line indicates parameters used for GA execution and pulse
sequencesearch . . . . . ... oL L
Improvement of pulse sequence fitness relative to DROID-60 sequence, over a
range of Hamiltonian parameters, in the presence of pulse error +5%. Top left:
« and 7 are varied. Top right: J;,,; and 7 are varied. Bottom left: Rotation angle
error and « are varied. Bottom middle: Rotation angle error and .J;,,; are varied.
Bottom right: Rotation angle error and 7 are varied. White dotted line indicates
parameters used for GA execution and pulse sequence search. Pink dashed lines
mark the fitness contour for DROID-60 (no improvement). Minimum colorscale
value is manually capped at 0, which indicates no fitness improvement. . . . . . .
Same data as in Fig. 3.9 but with the colorscale edited so the minimum fitness
improvementisnotcappedatO. . . . ... ... .. ... ... ...
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4.1

4.2

Outline of steps in TEMPO used to perform time evolution due to a pulse se-
quence. First, each pulse recipe contains the functional form of a time-dependent
Hamiltonian H,(t) = O; - fi(x,t). Pulse recipe(s) are used to create individual
pulse(s) P, ..., P,, with individual parameter settings Xy, . .., X,, respectively.
The pulses are organized into a sequence along with an optional static Hamilto-
nian. Next, the pulse sequence is provided to the Evolver, with an initial system
state (o) and an array of evaluation times (o, 1, .. .,t,). Time evolution re-
turns the state ¢ (to), ..., (ty,) at these times; if operators Ey, ..., E; are pro-
vided, the operator expectation values Ey(ty),. .., E;(t) are calculated instead.
(a) Average simulation wall-clock time T’s as a function of pulse sequence dura-
tion 7 without using TEMPO, for number of pulses n = 5, 10, 20, 50, shown in
shades of blue. Average simulation times using TEMPO are shown in red at high
pulse number count (n = 50). Best-fit curves are displayed as dashed lines, with
slope values plotted in (b) for measurements with TEMPO in red and without
TEMPO (via QuTiP’s mesolve function) in black. (c) Example visualization of
pulse sequence segmentation performed by TEMPO, where n = 3 pulses result
in 2n — 1 = 5 time segments for solver evaluation. All measurements of 7's are
average values over 20 repeated runs. . . . . . . ... L.
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Introduction

The second quantum revolution promises transformative advances in sensing, computing,
and communication by harnessing quantum mechanical phenomena such as superposition, entan-
glement, and coherence!>?. At the forefront of this movement, quantum sensing platforms ex-
ploit these effects to achieve unprecedented measurement precision, potentially surpassing clas-

sical limits by orders of magnitude *>!

. However, the transition from proof-of-concept demon-
strations to practical quantum technologies faces a fundamental challenge: the substantial gap
between idealized theoretical frameworks and the complex realities of experimental implemen-
tations!”.

This dissertation addresses aspects of this theory-practice divide through four studies that
span experimental characterization, theoretical analysis, computational method development, and
algorithmic optimization. While quantum sensing theory often assumes perfect control, homo-
geneous systems, and ideal operating conditions, real experiments exhibit parasitic effects, en-
semble heterogeneities, and at times, a breakdown of foundational theoretical approximations!®!.
The work presented here tackles these challenges, providing both fundamental insights and prac-
tical tools to advance quantum sensing from laboratory demonstrations toward robust, scalable

technologies.

Quantum sensors based on solid-state spin systems, particularly nitrogen-vacancy (NV)



centers in diamond, have emerged as leading platforms for magnetic field sensing with applica-

tions ranging from materials characterization to biomedical imaging®-'"!

. These systems offer
the combination of optical initialization and readout, microwave control, and operation under
ambient conditions. However, their practical implementation reveals complications absent from
idealized theoretical treatments. These challenges are not merely technical inconveniences but
barriers that limit the scalability and reliability of quantum sensing technologies. Addressing
them requires moving beyond the idealized frameworks that continue to inform quantum sensing
development toward approaches that explicitly account for experimental complexities.

This thesis presents four studies that collectively advance our understanding and capabili-
ties in quantum sensing under realistic conditions. Each study addresses a specific aspect of the
theory-practice gap while contributing tools and insights with broader applicability.

Chapter 1 investigates an unexpected experimental phenomenon in >NV diamond mag-
netometry: electron Ramsey envelope modulation (EREEM). When bias magnetic fields are mis-
aligned with the NV quantization axis (a common scenario in practical sensing applications)
Ramsey magnetometry measurements exhibit pronounced envelope modulations that reduce sen-
sitivity. Through theoretical modeling and experimental validation across various field configura-
tions, this work characterizes the physical origins of EREEM and quantifies its impact on sensing
performance. The study demonstrates that this effect can be understood through perturbation the-
ory analysis of the electron-nuclear hyperfine coupling in transverse magnetic fields, providing
both insight and practical guidance for optimizing sensing protocols.

Chapter 2 examines the breakdown of Average Hamiltonian Theory (AHT), a theoretical
framework widely used in quantum sensing protocol development. While AHT has been in-

strumental in designing dynamical decoupling and sensing sequences, this work reveals that the
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conditions guaranteeing Magnus expansion convergence conflict with typical operating parame-
ters in solid-state quantum sensing. Through analysis of convergence criteria and development of
exact computational methods, the study identifies when AHT predictions become unreliable and
provides alternative approaches for characterizing sensor performance. The discovery of rapid
echo structures that preserve AHT accuracy beyond guaranteed convergence opens new avenues
for pulse sequence engineering while establishing exact methods valid regardless of convergence
conditions.

Chapter 3 addresses the challenge of ensemble heterogeneity in quantum control optimiza-
tion. Traditional algorithmic approaches, including machine learning methods, typically optimize
control sequences for idealized single-instance systems, leading to overfitting that fails to cap-
ture the parameter variations encountered in more realistic experimental ensembles. This work
introduces Ensemble Cluster Sampling (ECS), a simulation framework that incorporates exper-
imentally motivated parameter distributions directly into the optimization process. By applying
deep reinforcement learning and beam search algorithms to ECS environments rather than point-
sample systems, the study demonstrates improvements in pulse sequence robustness and gener-
alization. The framework enables the discovery of dynamical decoupling protocols inherently
designed for heterogeneous systems while providing tools for simulating ensemble dephasing
dynamics across realistic parameter ranges.

Chapter 4 presents TEMPO, an open-source Python package designed to make pulse se-
quence simulations more accessible and efficient for the quantum sensing community. Building
on the QuTiP framework, TEMPO addresses computational bottlenecks that often limit the scope
and scale of pulse sequence optimization studies. Through time segmentation that preserves only

active pulses in each interval, the package achieves simulation times largely independent of pulse



sequence complexity while maintaining compatibility with existing QuTiP workflows. The soft-
ware bridges the gap between theoretical pulse sequence design and experimental implementation
by incorporating structures familiar to experimentalists working with pulse generator hardware.

While each chapter addresses distinct challenges, several connecting themes emerge that
reflect broader issues in quantum sensing development. The transition from idealized to realistic
system modeling appears throughout this work, whether in characterizing unexpected experimen-
tal effects (EREEM), analyzing the breakdown of theoretical approximations (AHT), accounting
for ensemble heterogeneities (ECS), or developing practical computational tools (TEMPO). Sim-
ilarly, the interplay between theoretical understanding and experimental validation drives each
investigation, emphasizing the importance of grounding theoretical advances in experimental re-
ality.

The methodological approaches also reflect a common philosophy: rather than treating ex-
perimental complications as obstacles to be minimized, this work embraces them as fundamental
aspects of quantum sensing that must be understood and addressed. This perspective leads to
solutions that are inherently robust - protocols that suppress multiple sources of error, exact the-
oretical methods that remain valid across all operating regimes, optimization frameworks that
explicitly account for heterogeneity, and computational tools designed for practical experimental
workflows.

The implications extend beyond the specific quantum sensing platforms and applications
studied here. The fundamental challenges of ensemble heterogeneity, theoretical approxima-
tion breakdown, and unexpected experimental phenomena appear across quantum technologies.
The frameworks and insights developed in this thesis provide templates for addressing similar
challenges in quantum computing, quantum communication, and other emerging quantum appli-
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cations.

The work presented in this thesis establishes foundations for several promising research
directions. The exact methods developed for beyond-AHT analysis could be extended to higher-
dimensional systems and more complex noise environments, potentially revealing new classes
of robust pulse sequences. The ECS framework provides a platform for exploring quantum con-
trol in increasingly realistic systems, with applications ranging from quantum error correction
to many-body quantum simulation. The computational tools and insights from TEMPO could
inform the development of next-generation quantum control software that seamlessly integrates
theoretical design with experimental implementation.

Perhaps most importantly, this work demonstrates that the theory-practice gap in quantum
sensing is not an insurmountable barrier but rather a rich source of scientific insight and techno-
logical innovation. By systematically characterizing and addressing the discrepancies between
idealized models and experimental reality, we can develop quantum sensing technologies that are
not only more robust and reliable but also capable of exploiting phenomena that purely theoretical
approaches might overlook.

The path from laboratory demonstrations to practical quantum technologies requires more
than incremental improvements in sensitivity or coherence. It demands a fundamental under-
standing of how quantum systems behave under realistic conditions and the development of the-
oretical and computational frameworks capable of handling this complexity. This thesis con-
tributes to that understanding while providing concrete tools and insights to navigate the transla-

tion of quantum sensing advances into real-world applications.



Chapter 1: Ramsey Envelope Modulation in NV Diamond Magnetometry

This chapter has been adapted from our previously published work,

Ramsey Envelope Modulation in NV Diamond Magnetometry,

with authors Jner Tzern Oon, Jiashen Tang, Connor A. Hart, Kevin S. Olsson, Matthew J. Turner,
Jennifer M. Schloss, and Ronald L. Walsworth,

published in Physical Review B!'!/.

My contributions include early experimental development and validation, primary theory and
simulation responsibilities, manuscript preparation, and supervision of all project components.
I am proud to share a statement of equal contribution with Jiashen Tang, who led experimen-
tal efforts on a setup with renewed capabilities for validation across a broader magnetic field
range. Together we drafted the manuscript, with assistance from Connor A. Hart, Kevin S. Ols-
son, Matthew J. Turner, Jennifer M. Schloss, and Ronald L. Walsworth. The work was performed

under the supervision of Ronald L. Walsworth.

1.1 Introduction

Ensembles of negatively charged nitrogen-vacancy (NV) centers in diamond are a leading
quantum sensing platform, particularly for applications in magnetometry. The NV center has

a magnetically sensitive electronic triplet ground state with spin S = 1 that can be optically
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Figure 1.1: (a) Experimental setup schematic. Diamond containing an ensemble (=~ 0.3 ppm) of
15NV centers is probed using 532 nm green laser excitation through a microscope objective, with
red fluorescence collected back along the same path. A gold {2-shaped waveguide is placed above
the NV layer for microwave (MW) delivery. A pair of ring magnets apply a bias magnetic field
at two distinct orientations, aligned and misaligned with the symmetry axis for one class of NV
centers. Top right inset: diamond crystal axes and bias field orientations relative to a single NV
quantization axis. Bottom right inset: NV electronic energy level diagram of ground and excited
states. (b) Example Ramsey time series measured for bias fields aligned (gray) and misaligned
(blue) to one class of NV centers. Effect of electron Ramsey envelope modulation (EREEM)
is clearly observable for data with the misaligned field. Upper inset: Ramsey pulse sequence
diagram.

initialized and read out, and coherently manipulated using microwave fields, while operating at
ambient conditions.

Demonstrations of sensing or imaging of static and broadband (DC) magnetic fields have
predominantly used continuous-wave optically detected magnetic resonance (CW-ODMR) tech-

niques. However, the achievable volume-normalized magnetic sensitivity in CW-ODMR is con-



strained by competing effects of the optical and microwave fields applied during sensing!®!. Al-
ternatively, pulsed measurement protocols such as Ramsey interference magnetometry can be

employed to measure DC magnetic fields!!>!31,

By separating spin control and readout from
the sensing interval, pulsed measurements enable the use of increased optical and microwave
intensities to improve sensitivity. As a result, some of the best volume-normalized DC sensitiv-
ities reported to date in NV ensembles (the sensitivity achieved per unit volume of interrogated
diamond) were produced using Ramsey-based sensing protocols.['*13],

Beyond advancements in sensing protocols, the optimization of diamond material proper-
ties provides a crucial path towards improvements in volume-normalized sensitivity. In particu-
lar, 1°NV centers found in *N-enriched diamond provide practical advantages over the naturally
abundant NV due to the nuclear spin I = 1/2 of N, as compared to I = 1 for “N. For sens-
ing, this difference translates to increased signal contrast during optical readout while driving a
single >NV hyperfine resonance, as the nuclear spin population is only distributed between two
states. Both "NV hyperfine-split electronic resonances can also be driven simultaneously with
the same Rabi nutation rate by tuning the frequency of the applied microwave field to the mid-
point of the splitting, enabling more uniform spin control. In addition, the two-level nuclear spin
system simplifies quantum logic protocols that exploit the coupled electron-nuclear system for
enhanced sensing %17,

The ease with which Ramsey magnetometry can be implemented with *N-enriched dia-
mond depends on the bias magnetic field commonly applied to break the ground state electronic
spin degeneracy, associated with spin sublevels m, = +1. In practice, the bias field magnitude

and orientation is often constrained by the desired sensing modality or system to be studied. For

example, full vector reconstruction of magnetic fields in three dimensions typically requires a



bias field oriented to produce a unique projection onto each class of NV centers across the four

crystal axes!818:19:20.20]

. This approach ensures that the resonances associated with each class of
NV centers are non-degenerate and individually addressable with microwave control. Alterna-
tively, the bias field may be applied to spectrally overlap two or more NV classes to increase the
number of spins participating in sensing, improving sensitivity [82122:23.24],

In the presence of such misaligned fields (Fig. 1.1), we observe envelope modulations in
15NV Ramsey measurements, which negatively impacts sensitivity if left unaddressed. The phys-
ical origin of this behavior can be attributed to the electron-nuclear hyperfine coupling of the
15NV center in the presence of a transverse magnetic field. This effect resembles the well-known
electron spin echo envelope modulation (ESEEM), which has received extensive study for over

[25.26.27] ~ However, the

half a century in NMR systems and more recently in solid state defects
analogous effect on a Ramsey measurement and the resulting impact on NV magnetic sensing
has yet to be detailed.

In this paper, we characterize this effect, which we refer to as electron Ramsey envelope
modulation or EREEM. First, we model the Ramsey envelope properties by considering an NV
electronic spin coupled to its native nitrogen nuclear spin. The resulting EREEM predictions are
compared to experimental results, showing good agreement for >NV ensembles across a range
of magnetic field magnitudes and misalignments. We then discuss the impact of EREEM on
NV-diamond magnetic sensitivity, considering typical operating conditions used for magnetome-
try. Finally we study EREEM in the context of double-quantum (DQ) protocols, which leverage
superpositions of NV electronic spin states |mg = £1) for magnetometry. We demonstrate dra-
matic suppression of envelope modulations in DQ Ramsey measurements. These results provide

further motivation for the use of DQ sensing schemes, in addition to their documented robustness
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to strain gradients and temperature drift, 15282930311,

1.2 Electron Ramsey Envelope Modulation (EREEM)

This section presents a derivation of EREEM properties, described by a simple vector
model of the effective magnetic field on the nitrogen nuclear spin - which, importantly, is de-
pendent on the NV electronic spin state. First, the "NV center is modeled by an electronic spin
system (S = 1) coupled to the native >N nuclear spin (I = 1/2). Under the application of a bias
magnetic field B = (B,, B,, B.), the ground state Hamiltonian H can be written as®?

—DS>—~B-S—~vB-T+5-A-T (1.1)

z

H N
h
The vectors S = (S, S,,S.) and I = (I, I,,1.) contain the electronic and nuclear spin op-
erators, respectively, with corresponding gyromagnetic ratios 7. = 27 X —2.8024 MHz/G and
Yo = 27 x —431.6 Hz/G. The room temperature zero field splitting D ~ 27 x 2.87 GHz!*! sets

the electron quantization axis along Z. The NV hyperfine interaction is described by the diagonal

AL 0 0
tensor A = ( 8 AOJ_ X ) with transverse and longitudinal components A, = 27 x 3.65 MHz
I

and A| = 27 x 3.03 MHz, respectively **. This ground state energy level structure is depicted
in Fig. 1.2(a), for a magnetic field of magnitude B aligned along the Z direction.
The Cf5, symmetry of the NV center allows us to restrict the magnetic field to the z-z

plane without any loss in generality*!

. For this study, we consider bias magnetic fields B <
200 G. Within this field regime, the zero field splitting term DS’? sets the dominant energy scale

in the Hamiltonian, allowing us to treat contributions not commuting with S, as non-secular

perturbations. Accurate to second order in perturbation theory, a leading order correction to the
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secular Hamiltonian can be obtained?’3>3¢!, After transforming into a frame resonant with the
two electronic transitions m, = 0 <+ +1 and 0 ++ —18%, the following Hamiltonian under the

rotating wave approximation is found:

:AHSzjz - /ynszz

>

(1.2)
—(1- ZK)VanIAx — 3/{7nB$S’§]AI.

Here, a dimensionless factor k = % ~ 8.26 describes an effective amplification of the bare
nuclear spin response to a transverse magnetic field B,, by a factor of 1 — 2k ~ —15.5.

The contributions to Eq. (1.2) can be separated into two categories. The first category
consists of terms that depend on S, or equivalently m;. The sum of these terms can be described
as an effective vector magnetic field 5 (ms) on the nuclear spin. The terms that do not contain
S, can be represented by a spin-independent effective field End, with a constant coupling to the
nuclear spin regardless of the electronic spin state m,. The resulting Hamiltonian can thus be
summarized as

B (R Aons) T B

For a given electronic spin state |m;), the nuclear spin precesses around an effective magnetic

field Bing + (my) with a Larmor frequency

Wm, = Vn(gind + g<ms)) . (1.4)

For m; = 0 in particular, there are no terms in Eq. (1.2) that depend on the electronic spin state,

such that 5 (0) = 0 and wy = ‘%5ma|- These field vectors are visualized in Figure 1.2(b). For
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simplicity, the coordinate system is rotated so the spin-independent field Bmd = [ina2’ now lies

[36]

along the newly defined z’-axis“°!. In this frame, the angle between Emd and an effective field

Bing + g(ms) is given by

o Be(my) 1.5
¢ms —tan (Bind + 6z’<ms) ) ’ ( . )

where £3./(m,) and 3, (m,) denote components of 3(m,) parallel and perpendicular to 2/, re-
spectively. For distinct electronic spin states |7) and |j), we define the angle between the two
corresponding effective fields on the nuclear spin as @, ;, with the example ® 1 = ¢, shown
in Fig. 1.2(b).

Using this vector description, we derive the expected Ramsey envelope modulation as a
function of the free evolution time 7. For an initial superposition of electronic spin states |i) and

|7), the Ramsey signal S, ;(7), up to an overall phase, is given by

Wy T w;T

i) =cos () sn (47 i ()
— cos <%) cos (%)

As an example, Fig. 1.2(c) shows the expected Ramsey response Sy _+1(7) for a bias field

(1.6)

of magnitude B = 100 G misaligned from the NV axis by an angle 6 = 22°. The Ramsey signal
oscillation is modulated by an envelope with a slow characteristic beat frequency wy, i.e., an
example of EREEM. The corresponding amplitude spectrum is shown in Fig. 1.2(d), revealing
two peaks centered around w,,/2 ~ Aj/2 = 27 x 1.515MHz, with a frequency splitting of
magnitude wy. Experimentally, this behavior can be produced by tuning the frequency v, of
the applied microwave 7/2 pulses to be centered between the two hyperfine-split resonances,

resulting in detunings of equal magnitude ~ A /2 from each transition.
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Figure 1.2: (a) Energy level diagram for the >NV ground state, with splittings due to Zeeman
and hyperfine interactions assuming an aligned bias field. The frequency of an applied microwave
field v, is centered between the two my; = 0 <> my = +1 electronic resonances split by the
NV hyperfine interaction. (b) Effective magnetic field vectors on the '°N nuclear spin due to a
misaligned bias magnetic field, for each electronic spin state |m,). The nuclear spin experiences
an effective magnetic field consisting of an electronic-spin-dependent contribution E (mg), and
a component Emd that is independent of the electronic spin state. (c) Example NV Ramsey
free induction signal due to a bias magnetic field of magnitude B = 100G at a misalignment
of 22°, showing envelope modulation. The amplitude modulation x(7) is indicated, showing
oscillations between min = cos (P +1) and 1, with a characteristic period 27 /wy. (d) Amplitude
spectrum of the Ramsey signal from (c), revealing two peaks split by the envelope beat frequency
wo = 2m x 254kHz. (e) Effective magnetic field vectors on the “N nuclear spin. For all three
electronic spin states, the corresponding effective fields on the nuclear spin are nearly parallel
due to a dominant nuclear quadrupolar field.
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At any given time 7, the maximum Ramsey signal contrast is corrected by a multiplicative
factor x(7), due to this envelope modulation. This amplitude modulation factor x(7) oscillates as
a function of 7 between values Xmin = | cos (P 4+1)| and xmax = 1, indicating points of minimum
and maximum contrast, respectively. The depth of this modulation can be inferred from the angle
® 1 between the participating effective fields on the nuclear spin.

To connect this vector model to the expected EREEM behavior in experimentally realistic
conditions, we first consider a magnetic field aligned with the NV axis. Since B, = 0, the
Hamiltonian in Eq. (1.2) consists only of nuclear spin contributions along I.. In this case, the
effective fields coupled to the nuclear spin, B;nd and B;nd + /5’ (+1), are parallel such that ¢, ., = 0.
No Ramsey envelope modulation should be observed, as the amplitude modulation factor remains
constant: Ymin = |c0s(Po11)] = Xmax = 1. However, in the presence of a magnetic field
not aligned with the NV axis (B, # 0), the nuclear spin experiences an enhanced transverse
magnetic field determined by the factor . The effective fields are no longer aligned, ®q ; > 0,
which should lead to observable envelope modulation. At bias magnetic fields where Emd and
gind + 5 (+1) are orthogonal, xmim = 0 and the Ramsey signal contrast at modulation nodes is
maximally suppressed.

This vector model can be readily extended to the 4NV center, with some modifications.
Besides straightforward changes to the physical constants A, A}, and 7, an additional nuclear
quadrupolar interaction term QI 2 contributes to the Hamiltonian in Eq. (1.1), with quadrupolar
coupling constant ) = 27 x —4.945 MHz*7-*%], This inclusion dramatically changes the Ramsey
envelope properties, by contributing a large quantizing field of magnitude |Q) /v, | ~ 16 000 G to
ﬁmd (271 In the small magnetic field regime B < |Q/7,|, the effective fields ﬁind + ﬁ (ms) coupled
to the nuclear spin are dominated by the spin-independent contribution B}nd, which is visualized in
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Fig. 1.2(e). The small angle between these field vectors results in x i, ~ 1, and hence suppressed

EREEM for 1“NV.

1.3 Experimental Methods

The measurements for this study utilize a custom-built microscope setup and a 100 pm-
thick, 1?N-enriched CVD diamond layer (NV T5 = 5ps, [N] ~ 3 ppm, > 99.995% !2C), grown
by Element Six Ltd. on a 2x2x0.5 mm? high-purity diamond substrate, as shown in Fig. 1.1(a).
Post-growth treatment via electron irradiation and annealing increases the NV concentration to
approximately 0.3 ppm.

Initialization of the NV ensemble electronic spin states is accomplished via pulsed 532 nm
excitation, generated by a continuous-wave laser gated by an acoustic optical modulator (AOM).
The light is focused onto the NV layer using a microscope objective, which is also used to route
the outgoing NV fluorescence for spin state readout. Microwave pulses are synthesized by sig-
nal generators and controlled by switches for single- or double-quantum control of the NV spin
states. The microwave drive fields are delivered through an (2-shaped planar waveguide, fabri-
cated onto a sapphire substrate. The bias magnetic field is applied using two identical permanent
ring magnets equally spaced from the diamond sample. The field magnitude is manually ad-
justed by varying the separation between the magnets. To control the field misalignment angle
from the target NV axis, two automated rotation stages are used to adjust the yaw and pitch of the
magnet pair with a nominal accuracy of 0.047°. The bias magnets provide a homogeneous field
magnitude of up to ~150 G over an illumination spot size of ~20 um in diameter on the NV-rich

layer. Additional details regarding the experimental setup are provided in the Supplementary
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Material *%).

To accurately determine the bias field magnitude B and misalignment angle 6, pulsed op-
tically detected magnetic resonance (pulsed-ODMR) spectroscopy is employed to probe the NV
ground state spin resonances. First, the field is aligned to a single NV axis by adjusting the mag-
nets until the pulsed-ODMR spectra of the other three misaligned NV classes overlap. Using
weak microwave 7-pulses of duration ~ 1 ps each®”!, the resonance spectrum of the aligned NV
axis is recorded for both electronic transitions my, = 0 <> +1 and m, = 0 <> —1. These transi-
tions are separated by AL; = 27.B, which is used to estimate the bias field magnitude B. The
magnets are then rotated away from the NV quantization axis, and Ramsey measurements are
performed at a range of misalignment angles 6. At each position, the ODMR spectrum is again
recorded to measure A;. This frequency difference is determined by the field projection along
the NV axis, Ay = 27, B cos 6, which is then used to estimate 6. Additional details are provided
in the Supplemental Material *®!. Field misalignment angles of up to § ~ 40° can be accessed,

limited by the geometrical constraints of the setup.

1.4 Measured EREEM Properties

To study the properties of electron Ramsey envelope modulation (EREEM), we perform a
series of single-quantum Ramsey experiments involving the electronic basis states |mg = 0) and
|ms = +1) only (similar results are expected for experiments using |m; = 0) and |m, = —1)).
The envelope properties are extracted using fits to the measured Ramsey time series, repeated
at various magnetic field magnitudes and misalignment angles, with results shown in Fig. 1.3.

The Ramsey protocol consists of two microwave 7/2 pulses, spaced by a variable free precession
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Figure 1.3: Ramsey experimental data and envelope properties from model fits. (a) Example
Ramsey time series at field magnitude B = 90.08(2) G and misalignment angle § = 16.79(9)°.
Data is shown in black and the fit in blue. The observed slow beating is an example of EREEM.
(b) Estimates of envelope beat frequency wy extracted from fits to experimental data, collected
across a range of magnetic field magnitudes and orientations. Theoretical predictions for w, are
shown in solid lines for each magnetic field. After allowing the transverse hyperfine constant
A, to vary as a fitting parameter, updated w, predictions at each field are shown with dashed
lines. (c) Estimates of the relative contrast at amplitude modulation nodes, X min, for the magnetic
field configurations used in (b). Solid lines indicate theoretical predictions with A fixed. Inset:
Magnified view of x,;, values for misalignment angles 20° < 6 < 40°.
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interval 7. We tune the frequency v ; of the applied microwave field to the center of the hyperfine
splitting!*!, as illustrated in Fig. 1.2(a). This results in equal detunings of approximate magnitude
A} /2 = 21 x 1.515 MHz from each hyperfine transition, giving the characteristic Ramsey fringe
frequency. When exposed to a misaligned bias field, an additional slow beating (EREEM) is
observed, as shown by an example in Fig 1.3(a). (The Supplementary Material *® presents data
and analysis for the applied microwave field frequency not being equally detuned from the two
hyperfine-split mgs = 0 <+ m, = +1 transitions.)

The measured Ramsey signals are fit to a modified form of Eq. (1.6), which incorporates
an exponential decay e~("/72)” with a characteristic dephasing time T} and stretch factor p. To
further adapt the expression to experimental data, an overall amplitude scaling factor, a vertical
offset, and phase offsets are all included in the fit function®®!. From the resulting fits, two fre-
quencies wy and w,; are obtained. The values for the envelope beat frequency wy are plotted
in Fig. 1.3(b), with 95% confidence intervals indicated by error bars**4°!, For each magnetic
field magnitude, theoretical predictions for wy are also plotted as solid curves, obtained from the

spin-independent contributions to Eqs. (1.2) and (1.3),

wo = [YnBinal = |7l v/ B2 + (1 — 2)2 B2
(1.7)

= || B\/l + 4(k% — k) sin” 0.

As expected from Eq. (1.7), the measured envelope beat frequency wy increases with both the
magnetic field magnitude B and misalignment angle 6.
Notably, small differences are observed between theoretical predictions of wy (solid curves

in Fig. 1.3(b)) and fits to experimental data, ranging from around 2% to 6% across the measure-
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ments presented in Fig. 1.3. To explore this inconsistency, we first perform full-Hamiltonian
numerical simulations of Ramsey spin dynamics and compare the observed envelope beat fre-
quency to Eq. (1.7), which was originally obtained using second order perturbation theory. These
simulations are conducted using the QuTiP package!*'*?! in Python. The NV system is described
by the lab frame Hamiltonian from Eq. (1.1) and the pulse sequence is implemented using time-
dependent AC magnetic field contributions. For the field configurations considered in Fig. 1.3,
strong agreement is observed between Eq. (1.7) and the results of QuTiP simulations, with dif-
ferences in wy < 1% (see the Supplemental Material *®!). These results, however, do not fully
account for the observed discrepancies in wy.

Interestingly, the agreement between analytical and experimental results is improved when
the enhancement parameter x = % in Eq. (1.7) is allowed to deviate. Besides the transverse
hyperfine constant A |, other contributions to ~ include the well-established gyromagnetic ratios
Y. and 7, and the zero field splitting . We determine D to be 2870.71(4) MHz using pulsed-
ODMR measurements, consistent (< 0.03% deviation) with the value assumed for analytical
predictions and QuTiP numerical simulations. In contrast, an experimental determination of A
for 1°NV has (to our knowledge) only been reported once, by Felton et al.'**, using EPR studies
at higher fields B ~ 2000 G. Given the simple relationship between the envelope beat frequency
wp and A atlow fields (via x in Eq. (1.7)), EREEM presents a direct probe of A in this regime.
With this in mind, we conduct a phenomenological fit of Eq. (1.7) to measurements of w at each
magnetic field, with A, as the sole degree of freedom. Using the adjusted A, values at each
field, the corresponding values for wy from Eq. (1.7) are shown as dashed lines in Fig. 1.3(b).
We obtain values of A, /27 between 3.74 MHz and 3.80 MHz across the fields considered here,

differing slightly from the previously reported value of 3.65(3) MHz by around 3%. Although

19



such adjustments to A, reconcile the predictions from Eq. (1.7) with the results of experimental
fits, we also observe a dependence on the bias magnetic field B***4  detailed further in the
Supplemental Material*®. This behavior warrants a more thorough study of EREEM across an
extended range of magnetic fields, and is left as a subject for future work.

Figure 1.3(c) shows excellent agreement between theoretical predictions and experimen-
tally observed values of the relative contrast at amplitude modulation nodes Xmin = | cos (®o +1)].
Even for modest misalignments of ~ 10°, the contrast at the nodes of the envelope modulation
is reduced to around 30% of its maximum value. The resulting implications for magnetic field

sensitivity are discussed in the following section.

1.5 Modulation Amplitude and Impact on Magnetometry

To study the impact of EREEM on NV magnetic field sensitivity, we first consider a con-
ventional Ramsey magnetometry measurement in the absence of any envelope modulation, using
a single-quantum coherence between states |m, = 0) and either |m; = +1) or |mgs = —1). Af-
ter a Ramsey free evolution duration 7, this coherent superposition accumulates a relative phase
¢ ~ 7.bsT proportional to a magnetic field signal b, along the NV axis!*l. The final 7/2 pulse
of each Ramsey sequence maps this phase onto changes in the NV electronic spin population,
which can be detected using fluorescence contrast measurements at a fixed 7. This optimal work-

ing point 7 is determined by optimizing the photon shot noise-limited sensitivity*!,

o 1 1 VT + TD
e Ce (/T3P /N T '

n (1.8)
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Figure 1.4: Calculations of expected Ramsey magnetic field sensitivity with and without envelope
modulation (EREEM), and at different bias magnetic field configurations. (a) Inverse sensitivity
n~! vs Ramsey free evolution time 7 without EREEM, given by Eq. (1.9) for fixed dead time
Tp = bHups and dephasing time 75 = 5pus. The optimal inverse sensitivity 7]0_[)% is indicated,
corresponding to a free evolution time 7, indicated in all subfigures with a vertical dashed line.
(b) Relative inverse sensitivity with EREEM 7, /77, normalized to the optimal sensitivity and free
evolution time established in (a), for two distinct magnetic field misalignment angles 6 = 10°,
20° at the fixed magnitude B = 100 G. Adjusted optimal evolution times 7, are indicated by
symbols <. (c) 2D color plot of the normalized inverse sensitivity at a fixed misalignment angle

6 = 10°, across bias field magnitudes 0 < B < 200 G.

This calculation includes the maximum Ramsey fluorescence contrast C', obtained experimen-
tally, which decays due to NV spin dephasing via a correction factor e~("/73)” The average

photon number is denoted by /V and the dead time 7' represents the time spent outside the Ram-
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sey sensing sequence for spin state initialization and readout. A plot of ! as a function of 7 is
shown in Figure 1.4(a), setting p = 1, 15 = 5 s, and Tp = 5 ps according to our experimental
conditions. This reveals an optimal sensitivity 7,, obtained at a corresponding free evolution
time 7o, Which approaches 77 in the limit of long overhead time Tp > 7.

If EREEM is observed, then the contrast C' takes on an additional correction factor due to
the amplitude modulation x(7), which results in an adjusted sensitivity 7. Normalizing to 7y,
the relative inverse sensitivity is therefore given by the following ratio, assuming N, 75, p, and

T'p remain unchanged between experiments:

Topt Topt + TD (Topt - 7-)
—_ = T ex . (19)
- XN T, o -

As established earlier, x(7) oscillates between values Ymin = | cos (Pg +1)| and xmax = 1, at a

characteristic beat frequency wy. These envelope properties are determined by the magnetic field
magnitude 5 and misalignment angle ¢, which in turn affect the relative inverse sensitivity 7op/7).

The optimal sensitivity 7o, = 7)op 1S only achieved when an envelope maximum X pmax OC-
curs at 7o, obtained when the beat frequency wy is an integer multiple of 27 / Topt- 1f this condition
is not satisfied, an updated optimal evolution time 7 is necessary to minimize sensitivity degra-
dation. These two scenarios are depicted in Fig. 1.4(b), which shows 7o, /7 at two misalignment
angles 10° and 20°, for a field magnitude B = 100 G. The adjusted optimal evolution time 7oy, for
each case is marked, with a notable reduction in sensitivity seen in the 10° configuration. Sim-
ilarly, changes in the field magnitude B can affect sensitivity. Fixing the misalignment angle at
10° as an example (see the Supplemental Material for other misalignment angles®), Fig. 1.4(c)

shows 1op/7 across a range of magnetic field magnitudes B and free evolution times 7. Since
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the beat frequency wy increases with the field magnitude B, the relative inverse sensitivity 7oy /7
exhibits faster oscillations with respect to 7 for higher fields. The sensitivity is optimized at fields
where a Ramsey envelope maximum coincides with 7., with the latter indicated by a dashed line
in Fig. 1.4(c).

These calculations indicate that the sensitivity loss due to EREEM is highly dependent on
changes in the bias field configuration. In practice, the tunability and control of such parameters
depend on the specific sensing modality or application. For example, in experiments where an
equal bias field projection on multiple NV axes is desired, the misalignment angle ¢ is highly
constrained. Separately, there may be restrictions on the applied field magnitude B, for example,

during studies of paramagnetic systems!'®.

1.6 Double-quantum Ramsey

As described in the previous section, envelope modulation (EREEM) in single-quantum
(SQ) Ramsey experiments depends on the bias magnetic field configuration, and can result in
significant magnetic field sensitivity loss. Alternatively, double-quantum (DQ) Ramsey proto-
cols, which exploit the full NV spin-1 system, can circumvent the deleterious effects of EREEM.
In fact, we observe a dramatic reduction of envelope modulation while using DQ coherence mag-
netometry. This behavior is illustrated in Fig. 1.5(a,b), which depicts measured SQ and DQ Ram-
sey free induction decay signals and their corresponding amplitude spectra, at the same magnetic
field configuration.

The DQ Ramsey protocol employs dual-tone microwave pulses with frequencies resonant

with both the electronic transitions my; = 0 <> +1 and my; = 0 <> —1, often referred to as
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DQ pulses. Besides this change to the applied pulses, the DQ Ramsey sequence mirrors the SQ
protocol and consists of a pair of DQ pulses separated by a free evolution interval 7. The first
DQ pulse prepares an equal superposition of the electronic spin states |+1) and |—1). After the
interval 7, a second DQ pulse maps the relative phase accumulated by these basis states onto the
NV spin population, which is then read out optically.

The lack of EREEM in the observed DQ signal can be understood by referring back to the
vector model established in Sec. 1.2. The expected DQ Ramsey response can be described by
Eq. (1.6) after substituting the electronic basis states denoted by 7 and j with —1 and +1, respec-
tively. The effective nuclear magnetic fields associated with the electronic spin states |m, = +1)
are then given by Eind + 5 (1) as depicted in Fig. 1.5(b). These field vectors are nearly antipar-
allel (®_, 41 ~ ), resulting in negligible envelope modulation X, = |cos (P_1 41)| ~ 1 fora
DQ Ramsey measurement.

The stark difference in envelope modulation behavior between SQ and DQ Ramsey is high-
lighted by calculations shown in Fig. 1.5(c). For a range of bias field magnitudes B and misalign-
ment angles 6, the relative contrast at amplitude modulation nodes X, is plotted for both cases
(see the Supplemental Material *® for extended ranges of B and ). Consistent with the results
shown in Fig. 1.3(c), the SQ Ramsey contrast at envelope nodes decays rapidly as a function of
6, nearing zero even for small misalignment angles 6 ~ 10°. On the other hand, the DQ contrast
is well preserved, with values of x i, ~ 1 across the fields considered in this work. Compared to
SQ Ramsey, DQ Ramsey often provides more than an order of magnitude suppression of Ramsey

amplitude modulation.
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1.7 Conclusion

In this work, we present a physical model of electron Ramsey envelope modulation (EREEM)
and find reasonable agreement with experimental measurements using an ensemble of 1NV cen-
ters in diamond. The observed envelope modulation exhibits a characteristic beat frequency
and amplitude, dependent on the bias field magnitude and angle with respect to the NV quan-
tization axis. We note a small systematic discrepancy between measurements of the envelope
beat frequency and analytical predictions, which can be reconciled using an adjustment to the
transverse hyperfine parameter A, . These estimates deviate by around 3% from previous EPR
measurements conducted at ~ 2000 G'**, an order of magnitude greater than the magnetic fields
considered here. However, these estimates of A exhibit a dependence on the applied field mag-
nitude, warranting additional measurements across an extended range of magnetic fields in future
studies.

For magnetic field sensing modalities requiring misaligned magnetic fields, the integration
of '’NV diamond and Ramsey coherence magnetometry is hindered by envelope modulation
effects. We show that the resultant loss in sensitivity can be recovered by careful choice of the
bias field. However, experimental constraints can limit the tunability of these field parameters.
Alternatively, we find that double-quantum coherence magnetometry dramatically suppresses

envelope modulation, while providing robustness to strain and temperature changes.
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Figure 1.5: Comparison between experimental single-quantum (SQ) and double-quantum (DQ)
Ramsey measurements under a misaligned bias magnetic field. Representative SQ and DQ Ram-
sey data collected at a bias field magnitude B ~ 50G and misalignment angle § ~ 35°, in
both time (a) and frequency (b) domains. The inset in (b) shows the effective magnetic fields
Bina + B (£1) coupled to the nuclear spin, due to the electronic spin states |m, = £1) partici-
pating in the DQ protocol. The effective fields are nearly antiparallel (®_; ;1 ~ ), resulting
in no observable envelope modulation in the DQ Ramsey signal (xmin = |cos ®_; 11| = 1). (c)
Calculation of relative contrast at amplitude modulation nodes y,;, for both SQ and DQ Ramsey
signals, over a range of bias magnetic field magnitudes and misalignment angles. For SQ Ram-
sey, calculated values of Ymin = | cos @g 11| = | cos ¢1| are shown, obtained using Eq. (1.5). For
DQ Ramsey, Xmin = |cos P_1 11| = | cos (¢11 — P—1)].
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1.8 Supplementary Notes

1.8.1 Theoretical Details

This section provides a detailed derivation of the expressions given in Sec. 1.2 of the main
text. We start with the NV ground state Hamiltonian /, including the effects of a magnetic field
restricted to the z-z plane and the hyperfine interaction between the NV electronic spin and the

onsite nitrogen nuclear spin,

= = Ds2-1, (stz + BISI) . (BZIZ v Bxlm) +ASTL 4+ AL (Sx[m n sy1y> .
(1.10)

The contributions to H, can be separated into secular and non-secular contributions Hg and

Hyg, respectively. The secular term Hg consists of contributions that commute with operator

5'2. Conversely, the non-secular terms H s do not commute with S'Z and are capable of driving

transitions within the electronic spin system. This is summarized as follows:

H = Hs+ Hys
H N N A N A
FS =D g - ’YeBzSz — Tndn (BzIz + Bch) + A||SzIz (L.11)
H A A a
= = B8 + AL (lex n Syfy>

We begin by reproducing work done by Childress et al.!*”! and Myers[**!. The Hamiltonian
is expanded as a series determined by order D, the largest energy scale within the Hamiltonian
for the magnetic fields B < 200 G used in our study. The non-secular terms H y¢ are treated as

a perturbation to the secular Hamiltonian g. Using second order perturbation theory, we obtain
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the leading order correction to the Hamiltonian H,S%) for a given electron spin quantum number

M,
1

By — (1 _ Pms) Hy (1 _ ﬁms>

P Hg+ HY = By, Hys HysPa..  (1.12)

with projection operator P,,. = |m,) (m,| and identity operator 1. An effective nuclear g-tensor

gn(my) is defined by evaluating the change in the Hamiltonian with respect to the magnetic field,

d
gn(ms) = 1B <Pm§HS + Hfﬁj)
100 A, 0 0
(1.13)
Ye
— — 2 — 3|m,
010 %D( mJd) | 0 A, 0
00 1 0 0 0

This effective nuclear g-tensor is substituted into the expression for Hg. After introducing an

A

enhancement parameter k = 7;71—5 ~ 8.26, the following Hamiltonian is obtained:

H1 :DSE — ’}/EBZ»SA'Z + A||§zfz - 3’1’771-8175;2[;
(1.14)

— (Bzfz T (1 QR)Bxfz> .

After moving into an electronic doubly-rotating frame**! using the unitary transformation

Ry(t) = (ei’\lt Imy = +1) (my = +1| + |m, = 0) (my = 0| + 2! |m, = —1) (m, = —1|> ®1,

ei)\lt 0 0
10
= 0O 1 0 ®
01
0 0 et

(1.15)
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with \; o = D F ~.B,, we obtain the Hamiltonian H 1 given in Eq. (1.16), which is also given in
the main text as Eq. (1.2). Experimentally this Hamiltonian is realized using microwave fields to
probe transitions |m; = 0) <> |ms = +1) and/or |m; = 0) <> |ms; = —1), equally detuned from

the two hyperfine resonances.

~ AR (t
Hl = Rl(t)HlRl(t)T +1 dlt( )

Ry(t)!
(1.16)

— AyS.1. — 3Ky, BoS2L, — 1, (BZ[; +(1- 25)3361;)
depent;sron ms h 4

TV
independent of m

An additional rotation using Ry(t) = eIy further simplifies the Hamiltonian, with ¢) = tan~* (%ﬂ) .
This rotation diagonalizes the nuclear subsystem that is independent of the electron spin, produc-

ing the following Hamiltonian:

Hy = Ry(t)HiRy(t)" + ;4R (t)

Ry(t)f
e (1.17)

= —Tn <B;nd + E(ms)> T

Equation (1.17), also provided in the main text as Eq. (1.3), consists of an effective magnetic field

gind + 5 (ms) interacting with the nuclear spin. This vector sum consists of:

1. a magnetic field along the newly defined 2'-axis, independent of the electronic spin state,

Fina = Bna? = /B + (1 — 25)2B2 7/, (1.18)
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2. and a spin-dependent field

ﬁx’ (ms) Bx (ms(l - 2/‘%)% + m§3/§BZ)

- 1

B(ms) = | B, (my)| = 5 0 . (1.19)
B (mis) ~m 5L B, +m?3k(1 — 2r) B2

An additional rotation generated by I » by an angle ¢,,, diagonalizes the Hamiltonian, depending

on the electronic spin state m,

o — 6m’<ms)
Gm, = tan"! (Bd+—6(m)) (1.20)

From Eq. (1.17), the effective nuclear Larmor precession frequency can be obtained,

o (Bna + Alm,) )| = —%\/ (Bt + B(m)) + Bl
_ _%\/33(1 %+ m§3/<;)2 n (msﬂ _ Bz)2.
Tn

For a given electronic spin state m, the nuclear spin precesses at a corresponding frequency w;,, .

W, =

Note that when m, = 0, this reduces to the spin-independent Larmor frequency wy = |y Sind|-
For a single-quantum (SQ) Ramsey sequence, we effectively operate within a 2-level sys-

tem consisting of |m, = 0) and either |m; = +1) or |m; = —1). To apply a microwave rotation

—i640/2

pulse, we define the unitary operator Ux(H) =e using the 2-level Pauli spin operator o,.

The SQ Ramsey sequence consists of two 7/2 pulses separated by a free precession period of
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duration 7. The initial state |¢)(0)) = |ms = 0) evolves under the following unitary rotations:

Usalt) = U (7/2) (7MY T, (m/2) [0(0)) (1.22)

The Ramsey response Ss( can be represented by a projection Py = |m,s = 0) (m, = 0| onto the

m, = 0 state,

SsQ(7) = Tr{ B |[vhsq(T)) (Ysq(7)[}
= %(1 — €08 (%) cos (w;ﬂ) + cos (P 11) sin (%) sin <w1217>).

This response represents the electronic spin population and therefore spans between 0 and 1. For

(1.23)

tidiness, this form is slightly modified to give the expression in the main text S; ;(7) = 25(7) —1,
where S(7) denotes the response shown in Eq. (1.23). The double-quantum (DQ) response can
be similarly obtained by substituting the 2-level spin operator o, in the unitary rotation U (0) with

the appropriate spin-1 operator:

1 _ _
Spg = B [1 ~+ cos <w217) COS <w517> —cos (P_y 4+1)sin <w217> sin <WJ;T>] (1.24)

1.8.2 Experimental Details

A diode-pumped solid-state laser (Lighthouse Photonics, Sprout-D5W) is employed to gen-
erate the continuous-wave 532 nm laser beam. The laser beam is passed through an acousto-optic
modulator (AOM) (Gooch & Housego, Model: 3250-220) and the first order diffracted beam is

used for the experiments. To create optical pulses for NV ensemble initialization and readout, the
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RF driver for the AOM is gated by switches (Mini-Circuits, ZASWA-2-50DR+) using transistor-
transistor logic (TTL) pulses (Swabian Instruments, Pulse Streamer 8/2). The beam is focused
through a 20x/0.75 NA Nikon objective onto the diamond, illuminating the NV-enriched layer
over a spot of ~ 20 um diameter. The illumination intensity is kept below 0.1 mW/um?. The out-
going spin-dependent NV fluorescence is collected through the same objective, passed through
a 150 um pinhole (Thorlabs, P150D) to restrict the collection volume, filtered by a 647 nm long
pass filter (Semrock) and finally projected onto an avalanche photodiode (Hamamatsu C10508-
01). Photodiode voltage measurements are acquired using a DAQ system (National Instruments,
NI USB-6363). The bias magnetic field is generated using two permanent samarium cobalt
(SmCo) ring magnets to minimize temperature sensitivity of the bias field. Rotation of the magnet
pair for different misalignment angles is controlled using two sets of Thorlabs HDRS50 rotation
stages with stepper motors. Microwave fields are synthesized from up to two signal generators
with built-in IQ mixers (Stanford Research System, SG384); and gated by switches and TTLs to
provide either single- or double- quantum pulsed control of the NV ensemble spin states. The
(2-shaped planar waveguide for microwave delivery has a diameter ~ 150 um to ensure field

homogeneity over the laser illumination area.

1.8.3 Bias Field Misalignment Angle

When the bias magnetic field is misaligned from the NV axis, both the transverse B,
and longitudinal B, field components affect the energy levels of |0),|%1). In the main text,
the resonance frequency difference Ay, between the two transitions |m, = 0) > |mgy = +1)

and |mg = 0) <> |mgs = —1) is used to calculate the misalignment angle ¢, via the relationship
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Figure 1.6: Transition frequency difference Ay, between my; = 0 <> +1 and my; = 0 < —1
resonances as a function of misalignment angle. Calculation is performed at 90 G. (a) Numerical
results of A, using the full NV ground state Hamiltonian (solid red line) and the approximate
formula from perturbation theory 2+, B cos# (dashed blue line). (b) Absolute and percentage
deviation of A, between the two calculation methods.

Ai = 27.B, = 2v.B cosf. This approximate relationship is obtained from time-independent
perturbation theory. For the small bias field magnitudes B < 110 G used in our study, the large
NV zero field splitting D = 27 x 2870 MHz dominates the energy scale, D > |v.B|. This
allows us to treat the transverse field B, contribution as a perturbation, resulting in the eigenen-

ergies Ejy_,|+1) accurate to the second order correction®!:

Bosiey _ py 31eBal”

£ v.B.. 1.2
5 D Ve Dz (1.25)

Therefore, Ay, = (E‘0>_>|+1> — E|0>_>|_1>) /h can be accurately modeled by 2+, B cos 6, up to
second order. Using this relationship, the measurements of A, are converted to values of the
misalignment angle 6. The error bars for ¢ in Fig. 1.3 of the main text indicate the correspond-
ing 95% confidence interval (CI), except for cases where the standard deviation oy calculated

from error propagation is less than the stage rotation error. In these cases, the nominal accuracy
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(£0.047°) of the stage is used for oy instead.

To verify that the expression for A is indeed valid, we compare the measured values of
A to those obtained by diagonalizing the complete Hamiltonian given in Eq. (1.1). An example
plot is shown in Fig. 1.6, for a 90 G bias field magnitude and misalignment angles 6 up to 45°. We
observe excellent agreement with the results obtained using the full Hamiltonian, with percentage
deviation in A4, of under 0.15%. The corresponding error contribution to the angle estimation

is less than the dominant error values used for Fig. 1.3 in the main text.

1.8.4 Microwave Frequency Calibration

To set the microwave frequency to the center of the two >NV hyperfine-split transitions,
we perform a two-step calibration procedure combining pulsed-ODMR and Ramsey techniques.
First, the two hyperfine transitions are resolved by performing a pulsed-ODMR experiment with
low microwave power (7 pulse time ~ 900 ns). The resulting spectrum is fit to a sum of two
Lorentzians A — Z?:1 % (V_Véﬁ, with free parameters including the contrast C;, line width
I';, frequency v; and overall offset A.

The mean of the two Lorentzian center frequencies v, = (14 + 12)/2 is used as the initial
value of the applied microwave frequency. Next, a series of Ramsey 7/2 — 7 — /2 experiments
are performed to refine this estimate. Fixing 7 at a point of maximum contrast, the microwave

frequency is varied around v, to produce an oscillating magnetometry curve®. Choosing a com-

mon phase for both microwave 7/2 pulses, the extremum nearest to v, is used as the updated

calib
*

center resonance frequency. This calibrated value v is obtained by fitting the magnetometry

curve to a sinusoidal function and extracting the necessary frequency offset.
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1.8.5 Measured Ramsey Time Series Fit Details

For fits to Ramsey time series data, we use a modified form of Eq. (1.6) from the main text:

§0,+1(7') = C’oe_(T/TQ*)p [— COos (%T + xo) COS (%T + x+1)

(1.26)

+ cos (P 41) sin (%T + x0> sin (%T + $+1>:| + B.

Here, 7 represents the free evolution time in a Ramsey sequence. The free fit parameters are
the initial contrast Cj, dephasing time 73, stretched exponential factor p, EREEM frequency
components wy and w1, amplitude modulation factor determined by ® ., phase offsets z( and
x41, and a vertical offset B.

For each estimate of wp or Xmin = cos (Pg +1) reported in Fig. 1.3(b,c) of the main text,
its corresponding confidence interval (CI) is constructed using the standard interval method. For
each parameter estimate 6, its error bar represents a range bounded between 0+ 2095, where 6
represents the point estimate of the parameter of interest with standard error &, and 2(°%) denotes
the 95" percentile of the normal deviate. Both 6 and & are calculated using maximum likelihood
estimation via the MATLAB 1sqgcurvefit function. However, the exact CI can differ from
the standard interval approximation if the measurement error is not normally distributed. In such
scenarios, a bootstrap confidence interval produces a more accurate CI estimation !, To test this
approach, we applied a bootstrap sampling method to four randomly selected data points from
Fig. 1.3(b,c) in the main text. The distribution of fitted parameters resembles a normal distribution
with ~ 95% data points located within 8 + z(°99), which supports the reporting of CI estimates

obtained by the standard interval method in the main text. A bootstrap fitting example for the
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envelope beat frequency wy is shown in Fig. 1.7, for a bias field magnitude B = 90.08(2) G and

a misalignment angle § = 25.72(9)°.

Bootstraps
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Beat Frequency w,/2m (MHz)

Figure 1.7: Example bootstrap fit result for the EREEM beat frequency. Starting with a single
Ramsey time series, 10, 000 additional datasets are created by randomly sampling with replace-
ment from the initial time series. Estimates of the EREEM beat frequency wy are extracted using
the MATLAB 1sqgcurvefit function for each dataset. The distribution supports the assump-
tion of normality used by the standard interval method for confidence interval (CI) construction.

A fit to Eq. (1.26) is appropriate when the microwave driving frequency is equally detuned

from the two "NV hyperfine-split transitions, |0, __ ! | = [0,,— 1 |. Alternatively, the EREEM
beat frequency w, can be extracted when these detunings are not equal |(5m1:7% ] #* |(5m1:% ‘

This approach comes at the expense of fitting accuracy due to the presence of extra frequency

tones in the Ramsey signal. The Ramsey signal exhibits frequency splittings of magnitude wy

centered at both ‘5 127%| and ‘6m1:7 , resulting in four distinct tones. To resolve all frequency

1
2
components and to avoid ambiguity in the frequency assignments, the following condition is
enforced: |(5m =1 | — ‘5m =1 | > wy. This alternative measurement is conducted at four randomly
selected field configurations, sampled from those shown in Fig. 1.3 of the main text. A four-

tone EREEM function modified from Eq. (1.26) is used for fits to the time series data. The

extracted envelope beat frequencies overlap with the CI of the corresponding data at the same
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field configurations in the main text. Example data is shown in Fig. 1.8 for a bias field magnitude

B = 90.08(2) G and misalignment angle 6 = 25.72(9)°.
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Figure 1.8: Experimental Ramsey time series data obtained using a purposefully detuned mi-
crowave driving frequency, with its corresponding amplitude spectrum displayed as an inset. The
larger detuning enables clear separation among all frequency components. The fit result for the
EREEM beat frequency wy /27 is 273.3 + 1.4 MHz, which overlaps with the confidence interval
(CI) of the corresponding beat frequency fit result, 273.6+0.8 kHz, obtained when the microwave
frequency is centered between the hyperfine splitting.

1.8.6 Ramsey Measurements Across Misalignment Angles

Figure 1.9 shows experimental Ramsey time series data acquired at a range of bias field
misalignment angles ¢ for a field magnitude of B = 90.09(2) G, in both time and frequency
domains. When the magnetic field is aligned to the NV axis (¢ = 0), the measured time series
oscillate with a single frequency, represented by an individual peak in the amplitude spectrum.
After introducing a misalignment, a beating (EREEM) is observed that results in a frequency

splitting of magnitude wy, which increases as a function of 6. At each field configuration (B, 6),
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the time series measurements are fit to Eq. 1.26 to extract the envelope modulation properties.
The results of these fits are shown in Fig. 1.3 of the main text, which includes measurements at

magnetic field magnitudes B = 50.49(2) G, 69.40(2) G, and 110.78(2) G.
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Figure 1.9: Experimental single-quantum Ramsey time series measurements (left column) and
corresponding amplitude spectra (right column) at various bias field misalignment angles 6, at a
bias field magnitude of 90.08(2) G.

1.8.7 QuTiP Simulations

As discussed in Sec. 1.4 of the main text, systematic differences are observed between
experimental estimates of the Ramsey envelope beat frequency wy, and theoretical predictions

from Eq. (1.7) of the main text obtained using second order perturbation theory. This equation is

38



(a) (b)
0.6 = 51
T
=2
T 05 5
N . P T T T R
% § 01 ':EE:::::::::""":::::::EEEI'.“
E 2
S 04 ° SEETIVIIIS
El "
3 0 5 10 15 20 25 30 35 40 45
§ 03 (c) .
3 1.
o
&
w < 1 ey
= 0.2 SHPS . NHE
g _5 .II
01 g rennilllloeeniills
. QuTiP q>)_1. ...........
Perturbation Theory e
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Misalignment Angle 6 (deg) Misalignment Angle 6 (deg)

Figure 1.10: Calculation and comparison of Ramsey envelope (EREEM) beat frequency w, as
a function of bias magnetic field magnitude and misalignment angle, using analytical approxi-
mation and QuTiP numerical simulations. (a) wy obtained using numerical simulations (circles)
and analytical perturbation theory (solid line), for magnetic fields between 40 G and 140 G. (b)
Absolute differences between wy estimates from QuTiP numerical simulations and analytical
approximation, for the field configurations shown in (a). (c) Percentage deviation between wy
estimates from QuTiP numerical simulations and analytical approximation.

reproduced below for clarity.

wo = [nBinal = Iyl VB2 + (1 — 2)?B2
(1.7)

= |l B\/l + 4(K? — k) sin? 0.

The observed difference increases with the bias magnetic field misalignment angle. To study this
discrepancy, we conduct numerical simulations of Ramsey spin dynamics for a range of bias field
configurations, using the QuTiP package in Python. For a coupled NV electron-nuclear system
initially described by the lab frame Hamiltonian in Eq. (1.1) of the main text, applied microwave
pulses are modeled using time-dependent contributions (%) cos (wet + w)gx The AC magnetic
field amplitude €2(¢) is chosen to yield a 20 MHz Rabi frequency during pulses. The duration of
each pulse is calibrated so a 7/2 rotation is performed. The phase ¢ is used to toggle between

pulse rotation axes.
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To evaluate the state evolution during the Ramsey sequence, we employ the master equation
solver function mesolve provided by the QuTiP module. To adjust the accuracy of the ordinary
differential equation solver used for these calculations, absolute and relative tolerance values are
supplied to the function, denoted by atol and rtol, respectively. These user-defined tolerance
values are determined empirically by comparing the accuracy of the NV system dynamics after
several Rabi cycles, with values atol = rtol = 10~ chosen for all Ramsey simulations. The
system state is recorded at regular 10ns time steps during the Ramsey free evolution interval,
but the solver is allowed to perform up to 10° additional evaluations within each time step. Note
that all timescales and frequencies are scaled by 6 orders of magnitude for simplicity of use (e.g.,
setting time = 1 represents 1 us).

For each field configuration, the lab frame Hamiltonian H is first diagonalized to obtain
eigenenergies and eigenstates. The pair of frequencies for transitions between |mg = 0, m; = +1/2) <
|1,4+1/2) and |0, —1/2) <> |1, —1/2) are calculated. The mean of these two values is used as the
frequency w, of the pulses. Starting with an initial state |0, —1/2), the Ramsey pulse sequence is
applied and the final population in the m, = 0 state is determined. Pulse sequences are simulated
for a range of free evolution times 7, and the resulting time series is fit to Eq. (1.23) to extract
the parameters wy, w; and @y 1. In Fig. 1.10, the values of wy extracted from numerical simu-
lations are compared to the analytical predictions given by Eq. (1.7). For the field configurations

considered in the main text, the difference between these calculations remains around or below

1%.
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Figure 1.11: 2D color plots of the normalized inverse sensitivity with respect to the Ramsey free

evolution time 7 and bias magnetic field magnitude B, at 2 distinct misalignment angles 6 = 20°
(a) and 54.7° (b)

1.8.8 Normalized Inverse Sensitivity

In Fig. 1.4(c) of the main text, a 2D color plot of the relative normalized inverse magnetic
field sensitivity is shown, evaluated using Eq. (1.9). These calculations are repeated here for
two other misalignment angles § = 20°,54.7° and are shown in Fig. 1.11. The experimental
timescales assumed here (I'p = 5us, 15 = Hus) are the same as those used in the main text. In
particular, the = 54.7° case can describe a bias magnetic field oriented to have equal projections

onto all four NV quantization axes.

1.8.9 Transverse Hyperfine Parameter

As discussed in Sec. 1.4 of the main text, we perform fits of Eq. (1.7) to experimental
measurements of wy while allowing the transverse hyperfine parameter A, to vary as a degree
of freedom. We repeat this process at a series of bias field magnitudes, extending beyond those
considered in the main text. The resulting fits for A, are shown in Fig. 1.12 using black markers,

with error bars representing a 95% confidence interval (CI). We observe an overall decrease of
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Figure 1.12: Results for the transverse hyperfine parameter A, as a fit parameter to the Ramsey
envelope (EREEM) beat frequency wy, extracted from experimental data, for a range of mag-
netic fields, with error bars showing the 95% confidence interval, shown in black. Estimated
corrections to values of A are depicted in red, using the discrepancy between QuTiP numerical
simulations and theoretical predictions of wy.

A, as the field magnitude is increased.

Due to the field-dependent discrepancy of wy between QuTiP simulations and the pre-
dictions of perturbation theory, additional corrections are necessary to precisely determine A .
However, as shown in Fig. 1.10, the degree to which these predictions differ depends on the
misalignment angle 6. As an initial attempt to estimate these corrections, we fit Eq. (1.7) to the
estimates of wy obtained using QuTiP simulations, at the specific magnetic field magnitudes and
misalignment angles studied in experiment. The absolute difference between these fits and the
originally assumed value for A is used to update the experimentally determined A, estimates,
shown in Fig. 1.12 as red points. We expect that future studies can further refine the estimation
of A, by increasing the sampling of misalignment angles at each magnetic field magnitude. In
addition, improvements to the electronic dephasing time 7% can enhance the measurement preci-
sion of wy (and therefore A ) at lower fields. For example, this may be achieved by optimizing
the diamond sample or using techniques such as spin-bath driving!*!l. Alternatively, an extension

of these studies to higher bias field magnitudes will allow direct comparisons to the previously
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conducted EPR study 41,

1.8.10 Double-quantum Envelope Amplitude
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Figure 1.13: Calculated double-quantum (DQ) Ramsey relative contrast at amplitude modulation
nodes Xmin = |cos (®_y 1), for magnetic field magnitudes B up to 800 G and misalignment
angles up to 90°. Dashed contour lines indicate magnetic field configurations where X, equals
0.9 and 0.5, representing 10% and 50% contrast loss at envelope nodes, respectively.

In Fig. 1.5(c) of the main text, 2D color plots of the relative contrast at amplitude modu-
lation nodes \m;, are shown for both single-quantum (SQ) and double-quantum (DQ) Ramsey.
The calculations for DQ Ramsey are reproduced here, with the range of magnetic field magni-

tudes and misalignment angles extended up to 800 G and 90°, respectively. For the magnetic
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field magnitudes considered in this study B < 200 G, the contrast at envelope modulation nodes
is well-preserved (xmin ~ 1). However, the calculations illustrated in Fig. 1.13 show that for a
sufficiently large magnetic field, the DQ Ramsey signal can exhibit significant envelope modula-

tions.
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Chapter 2: Beyond Average Hamiltonian Theory for Quantum Sensing

This chapter has been adapted from the preprint titled

Beyond Average Hamiltonian Theory for Quantum Sensing,

with authors Jner Tzern Oon, Sebastian C. Carrasco, Connor A. Hart, George Witt, Vladimir S.
Malinovsky, and Ronald Walsworth,

posted on the Arxiv!*°.

My contributions include project conception, experimental validation, theory and simulation de-
velopments, manuscript preparation, and supervision of all project components. I am proud to
share a statement of equal contribution with Sebastian C.Carrasco, who was essential to devel-
oping the proof that rapid echo structure results in Magnus expansion convergence, on top of
active contribution to numerical simulations and theoretical insights. Connor A. Hart worked
with me on experimental validation of AHT breakdown, and provided guidance during early
stages of the project. George Witt assisted with development of the proof and early feedback on
the manuscript. I drafted the initial manuscript, with assistance from Sebastian C. Carrasco,
Connor A. Hart, George Witt, Vladimir S. Malinovsky, and Ronald Walsworth. The work was

performed under the supervision of Vladimir S. Malinovsky and Ronald L. Walsworth.
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2.1 Introduction

The Magnus expansion offers a general solution to a set of non-autonomous linear differ-
ential equations involving linear operators*”). As a result, it is naturally suited for studying a
wide range of phenomena within physics, finding frequent use in classical mechanics!*®!, quan-
tum field theory*’!, atomic physics!**>!1, and elsewhere®?!. Considering its ubiquity, studies of
the conditions under which the Magnus expansion is valid have widespread implications *3.

Notably, the Magnus expansion forms the mathematical foundation of average Hamilto-
nian theory (AHT)P*, which was initially developed for studies of nuclear magnetic resonance
(NMR) >3] By expressing the solution of the time-dependent Schrodinger equation in an expo-
nential form, AHT approximates time evolution via an effective time-independent Hamiltonian
obtained using the Magnus expansion!*”!. Besides providing accurate numerical predictions in
the perturbative limit, AHT retains hermiticity at any truncation order, while often preserving
qualitative physical properties of system dynamics®”). Over several decades, AHT has seen pro-
lific use in the development of pulse sequences for decoupling of spin-spin interactions; and is a
powerful tool for both analytical and numerical predictions of closed quantum dynamics [°%3%-601,
Experimentally, such pulse sequences typically involve the time-dependent application of reso-
nant or near-resonant radio frequency, microwave, and/or optical fields suitable for manipulation
of the internal (e.g., spin) states of the system of interest.

Recently, the application of AHT has been extended to the field of quantum sensing, where
its use ranges from semi-quantitative analysis of pulse sequences for dipolar decoupling!'*5!! to
forming the mathematical foundation of novel sensing sequences for strongly interacting spin

S [62,63,64

system 1. Notably, research into the latter has contributed to experimental demonstrations
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of improved coherence times and magnetic field sensitivity for dense ensembles of nitrogen-
vacancy (NV) centers in diamond [®3%6!,

Here, we show that the conditions that guarantee Magnus expansion convergence con-
flicts with common operating conditions for magnetometry with solid-state spins (including N'V-
diamond), leading to a breakdown in AHT. Beyond the regime of guaranteed convergence, we
demonstrate that specific symmetries allow pulse sequences to retain Magnus expansion accu-
racy. Moreover, we present an exact method to evaluate the sensor response to a target classical
field, which bypasses the limitations of AHT. We demonstrate the utility of this exact method
on widely used pulse sequences for both broadband (DC) and narrowband (AC) magnetometry.
This work opens up possibilities for pulse sequence engineering beyond the AHT regime; iden-

tification of further symmetries that preserve AHT convergence; and development of numerical

techniques that accurately characterize sensor performance.

2.2 Average Hamiltonian Theory

To describe a general pulse sequence applied to a quantum system, we consider a series of
n control pulses with unitary operators P, - - - , P,. Each pulse is immediately followed by free
evolution of the quantum system for duration 7, . . ., 7,,, respectively. With each applied pulse,

an initial Hamiltonian H,, is rotated to be

H; = (P;...P) Hy(P;...P), 2.1)

such that state evolution during the ¢-th free evolution frame is given by the piecewise constant

Hamiltonian H;. For a total sequence duration t = 7, + 75 ... 7,,, AHT approximates the unitary
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propagator as !

U™ (1) = exp (—iH™1), (2.2)

where H (™) denotes a time-independent effective Hamiltonian described by the Magnus expan-
sion,

N — g0 L g g, 2.3)

For reference, the first two terms in the expansion are provided in Eq. (2.4). The first order
contribution H(!) describes the mean of the interaction frame Hamiltonians H;, weighted by the
duration of each corresponding free evolution interval 7;. Higher order terms consist of summa-
tions over increasing numbers of nested commutators.
n
O — Zz H;;
27-1 Ti
n j—1
r7(2) —
0 = g5 — 2 S~ [, Hr

T <
21]]:,

(2.4)

2.3 AHT Breakdown

To characterize the effect of a specific pulse sequence on sensor performance, we define
the sensor coupling factor v = A /JV, which represents a first order shift in the sensor energy

level difference A with respect to a target (classical) signal field V' to be measured!*!. Sensitivity

"Multiplicative factors of the reduced Planck constant /4 are dropped in the exponent for simplicity. All Hamilto-
nian operators have non-angular frequency units in this work.
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Figure 2.1: Fig 1 (a) WAHUHA pulse sequence and toggling frame representations. (b) Effective
field corresponding to leading order average Hamiltonian. (c) WAHUHA time series (o, (t)) and
corresponding power spectra, obtained using the first order average Hamiltonian (gray) vs ground
truth unitary evolution (red).

to changes in V' scales linearly with respect to v, roughly following

1
nxX —=

WTy

where 7T refers to the characteristic timescale over which a measurement observable decays (for
example, due to dephasing or decoherence).

For accurate assessments of sensitivity, reliable estimates of ~ are crucial. For exam-
ple, when using electronic spins for magnetic field measurements, -y represents an “effective”
gyromagnetic ratio, and can be defined with respect to the electron gyromagnetic ratio 7, ~

—2.8 - 1019 Hz/T. We therefore introduce a dimensionless coupling factor o = ~/7., which
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represents a suppression of the bare electron response that depends on the sensing protocol em-
ployed. In other words, « is fixed for a given sensing protocol, even if the sensor platform (e.g.,
electronic spins) is changed.

For a given sensing protocol, previous approaches utilized AHT to estimate «!**%!, To
evaluate the sensor response due to a target Hamiltonian H, the first order average Hamilto-
nian H ) is projected onto the relevant basis operators, e.g., the spin operators S, Sy, S;. The

components of a (normalized by H) are calculated using

B Tr(H'S,,..)

gy = , (2.5)
T Te(H] Hy)

such that a = /a3 + a3 + az.

To provide intuition for a,, we consider the highly influential WAHUHA pulse sequence,
which was originally conceived by Waugh et al.[®” to decouple homonuclear magnetic dipolar
interactions in solid-state NMR. As shown in Fig 2.1(a), the WAHUHA protocol consists of four
7 /2-rotation pulses applied along —S,, S,,, —S,, S;, where S, , . denote spin operators along the
x, v, z directions. The pulses are accompanied by intervals of free evolution, expressed in units of
time 7. By spending equal time along all three orthogonal magnetic field directions, WAHUHA
generates a vanishing first order average Hamiltonian ") = 0 for spins coupled by dipolar
interactions.

Applying WAHUHA to a target magnetic field By = By? such that Hy, = —%eBoS.,

Eq. (2.4) reveals the first order average Hamiltonian,

B
HY = —%30(51 + 5,4 S.). (2.6)
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Here, HV is described by an effective field BY) = (B,y/3, By/3, By/3), as illustrated in Fig.
2.1(b). Setting H = HW in Eq. (2.5) results in a = |[BY|/|By| = 1/+/3. Indeed, a denotes the
fractional length of the effective field associated with 7, relative to the corresponding field of the
target Hamiltonian H 2.

The leading order result in Eq. (2.6) predicts state precession around the effective field BW
with a single-tone frequency A/+/3, where Hy = AS.. In Fig 1(c), we show the resulting spin

dynamics due to /") and compare to the time evolution using the exact unitary,

Up = (e o™ Pp,) - (e Py) (e7Hom Py) 2.7)

Here, we assume instantaneous pulses applied to an initial state prepared along S,. The time-
dependent state projection onto S, is plotted as a function of time ¢, evolved separately using
unitaries /") (gray curve) and U, (red curve). Immediately, we observe significant differences. In
contrast to the single frequency oscillation A /v/3 predicted by H(!), the true time series exhibits
beatings with multiple tones, with none at the frequency A/+/3. This behavior is also clearly
seen in the accompanying power spectra in Fig. 2.1(c). The amplitude of the WAHUHA fringes

also greatly differ from AHT predictions.

2.4 Magnus Expansion Convergence

To investigate the discrepancy between the AHT prediction of time evolution and the exact

dynamics, we include higher order contributions to calculate /™, for the same target Hamiltonian

2 Alternatively, Ref.[98] calculates o by considering the largest difference between the eigenvalues of H(!), which
gives the same result for a two-level system.
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Figure 2.2: Fig 2 (a) State fidelity between exact and AHT evolution for varying sequence dura-
tion t, where U™ (t) is calculated for m = 1, 3 and compared to the ground truth unitary Uy(t). (b)
Spectral norm of Magnus expansion terms | ™| for m = 1,3,5,7 for the WAHUHA protocol,
for varying sequence duration ¢. The region of guaranteed Magnus series convergence ¢ < r./m
is shaded in gray.

and initial state |[+x) as above. Fig. 2.2(a) shows a comparison of state fidelity between exact
and AHT evolution!®!, Notably, as the sequence length ¢ is extended, Z/®) produces fringes with
increasing precession frequency, which suggests that the energy scale of H® is increasing with
time ¢. This observation prompts us to consider the conditions where the Magnus expansion is
expected to be valid.

Typically, sufficient conditions for convergence of the Magnus expansion are established

using a radius of convergence r.°>31. For the pulse sequences described here, this condition can
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be summarized as

n

r
> | Hi|m < =, (2.8)
; 2
7
where | - - - | represents the spectral norm. The pulses generate a Hamiltonian that is piecewise
constant during each free evolution interval, and the spectral norm |H;| = A/2 remains un-

changed. Using the upper bound 7. ~ 1.087 from Refs.!”%"!], the condition in Eq. (2.8) simplifies
to

Te

A-t< - ~ 0.346. (2.9)

In order to guarantee convergence, the energy scale A of the interaction frame Hamiltonian and
the total sequence duration ¢ can be chosen so their product does not exceed this threshold.

Although Eq. (2.9) assures convergence for the series expansion as a whole, it is common
practice to truncate the series to the first few terms due to the increasing complexity of the higher
order Magnus expansion. To compare the relative contributions from these leading terms, the
spectral norms |H (™| for the WAHUHA sequence are plotted in Fig 2.2(b) as a function of
sequence duration ¢, for m up to 7352, As expected from Eq. (2.4), |HM] is constant with
respect to the sequence duration ¢, since the weighted average of the toggling frame Hamiltonians
is unchanged. However, the norms of higher order contributions increase with ¢, and eventually
dominate. Specifically, we observe that | ™| o< (A - )™, which follows from the m nested
summations (or more generally, time integrals) that are present in (™).

With these results in mind, we consider the typical operating regime for sensing, with NV
centers in diamond as an example. These electronic spin defects are generally dominated by mag-
netic disorder within the diamond host, with spin resonance linewidths ranging from ~10* Hz

to upwards of 10° Hz, which inform the typical magnitude of observable changes in A. More-
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over, the presence of NV hyperfine interactions with both onboard nitrogen and neighboring
13C nuclear spins in the diamond lattice often result in additional 10° Hz-scale frequency detun-
ings during control pulses, which may even be exploited to improve signal contrast/*®!. Optimal
sequence durations ¢ for sensing are typically limited by dephasing/decoherence times that fre-
quently exceed 1079 s. In short, pulsed sensing experiments in these systems routinely operate in

a regime where Magnus series convergence is not guaranteed.

2.5 Exact Sensor Coupling Factor

Considering the limitations of AHT outside the radius of convergence, we propose a method
to calculate the exact (dimensionless) coupling factor, denoted here as a.. First, we consider devi-
ations from the ground-truth unitary evolution by introducing a perturbation field V' (i.e., a target
signal field to be measured) to the internal Hamiltonian A, in Eq. (2.7). The resulting unitary

evolution operator is given by

U, = (e—z‘(Ho—i-Vn)TnPn) .. (e—i(Ho-i-Vl)TlPl) ) (2.10)

We choose V' to be a small static (DC) perturbation field such that V;, = €S, with € as a tunable

scalar coefficient. Next, we define U, such that U; = U_.U,, or equivalently,

U. = U,U. (2.11)

Note that U; = Uy in the absence of a signal field (¢ = 0), reducing U, to the identity operator.

Therefore, any non-trivial rotation generated by U, is due to a nonzero signal contribution from
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Since U, is unitary, it can be expressed in an exponential form U, = e**®)| where Q(t)
denotes an effective time-dependent operator to be determined. After diagonalizing U, to give
the operator D(t) = P~'U.P, we evaluate the principal logarithm of its eigenvalues along the

diagonal of D(t) to obtain the exponent

Q(t) = iPlog[D(t)|P . (2.12)

To ensure that €)(t) represents the perturbative response, it is necessary to tune ¢, for example, by
ensuring |et| < 1173, In line with AHT, we then extract an effective Hamiltonian H, by setting
Q(t) = H.t. However, we allow H. to retain a functional dependence on the sequence duration
t. After normalizing the projection of H,(¢) with respect to the perturbation, we obtain the exact

coupling factor

V2D THHIS)?

ad(t) Te(VTV))

(2.13)

As a check, we apply this method to a Ramsey sequence, which consists of a single toggling
frame Hamiltonian H; = S.. In this case, Eq. (2.10) simplifies to U, = e #(:+eS=)me+ilS:)m —
e~%%7 to reveal the effective Hamiltonian H,(t) = €S, resulting in an exact coupling factor of
a. = 1 that agrees with AHT.

For the WAHUHA sequence, we plot a.(t) as a function of sequence duration ¢ in Fig
3, along with individual projections along S, S, S., for a nonzero initial detuning of 1 MHz.
First, we note that a.(t) = 1/ /3 as the sequence duration approaches zero, agreeing with the

predictions due to leading order AHT in this regime. This result is expected, as we have shown
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Figure 2.3: (a) An initial state 1) is transformed by a pulse sequence unitary propagator to Uyt).
In the presence of a perturbation field V' (i.e., a target signal field to be measured), the final state
is U1). The operator (2 generates a unitary operator U, = e~** such that U, = U_.U,. (b) Exact
coupling factor o, for the WAHUHA pulse sequence, as sequence duration ¢ is increased.

in Fig. 2.2 that AHT yields the correct unitary propagator for sufficiently small timescales. How-
ever, as a function of sequence duration, o (t) exhibits oscillations between values of 1/3 and
1//3. Therefore, achieving the dimensionless coupling factor 1//3 (predicted by H(!)) requires
careful choice of the sequence duration with respect to the energy scale of the interaction frame

Hamiltonian A.

2.6 Retaining Convergence with Rapid Echoes

Next, we extend this method to determine « in response to an oscillating (AC) target signal
field. For simplicity, we describe the target AC field as a square wave perturbation that is present
during the free evolution intervals, as illustrated in Fig. 2.4(a). By substituting V;, = (—1)*eS,
into Eq. (2.10) and following the steps in Egs. (2.11-2.13), we determine the effective time-
dependent operator €2 due to this AC perturbation, and the corresponding c..

We then apply this analysis to three pulse sequences XY8, DROID-60 and WAHUHA+Echo %3/,
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Their toggling frame transformations are shown in Fig 2.4(a), for an initial static magnetic field
along +5,. All three sequences compensate each free precession interval around a given axis
with an equal period in the opposite direction. Such “echo” structures generate a null first order
average Hamiltonian, H(!) = 0, suppressing contributions from the static field but retaining a
response to the target AC magnetic field.

In particular, XY8 and DROID-60 are commonly employed for high sensitivity AC magne-
tometry in NV ensembles!®®!. In the case of XY8, which consists of a regular series of 7 pulses,
all toggling frame Hamiltonians commute ([H;, H;] = 0 for all ¢, j) to give o, = 1, analogous to
the Ramsey example discussed above. In contrast, both DROID-60 and WAHUHA+Echo cycle
between three orthogonal field orientations to give the first-order AHT prediction & = 1/4/3 in
response to an AC target signal field!%!. For each sequence, the exact coupling factor « is shown
in 2.4(b) as a function of sequence duration. Although all three sequences retain a response to
AC magnetic fields, only AHT predictions for XY8 and DROID-60 align with the exact calcu-
lation (. (t) ~ «). Here, exiting the radius of convergence established in Eq. (2.9) does not
signal a breakdown of the AHT prediction. However, in the case of WAHUHA+Echo, o, clearly
oscillates as ¢ is increased, deviating from the predictions of AHT.

We identify a common property of XY8 and DROID-60 that ensures the accuracy of AHT
beyond the radius of convergence, namely the presence of a “rapid” echo structure. Specifically,
we refer to rapid echoes as having pairs of nearest-neighbor toggling frame Hamiltonians with
opposite sign, such that

Hy = —Ho 1 (2.14)

for all positive integers [. For any sequence that obeys this rapid echo structure, we show that all
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Figure 2.4: (a) Square wave perturbation with amplitude €, changing sign with each toggling
frame. Each pulse P; is applied to the quantum sensor (e.g., NV electronic spins in diamond)
before the ¢-th frame. For an initial sensor spin Hamiltonian S, the resulting toggling frame
Hamiltonians for pulse sequences XY8, WAHUHA-+Echo and DROID-60 are shown. (b) For
each sequence, the exact coupling factor «. is plotted as a function of sequence duration ¢. Cal-
culations for XY8 and DROID-60 agree with predictions obtained from first-order AHT, i.e.,

HW,

Magnus expansion contributions are zero (see Supplementary Material®®'). The inclusion of a
small AC signal field only introduces a ~(et)™ contribution into each term [ (™); thus the system
dynamics can be effectively described using only H"). To summarize, Hamiltonian dynamics
that commute at all times (such as with XY8 and Ramsey) and the presence of rapid spin echoes
(DROID-60 and XY8) are examples of special cases where the Magnus expansion remains accu-

rate beyond the sufficient radius of convergence.
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2.7 Outlook

Recent applications of average Hamiltonian theory (AHT) range from robust dynamical
decoupling and sensing protocols to engineering a wide array of Hamiltonians for probes of
many-body physics!’*7!. In this work, we characterize the breakdown of AHT for approximating
features of time series data and the sensor coupling factor, illustrated by example pulse sequences
used for sensing with solid-state spins. We also analyze sufficient convergence criteria for the
Magnus expansion for a general two-level system.

Using exact methods to determine the sensor coupling factor, we show that rapid echoes
allow the Magnus approximation to remain accurate well beyond its guaranteed radius of con-
vergence. This beyond AHT result is merely one example of structures that validate the Magnus
approximation, opening up opportunities for Hamiltonian engineering principles without the in-
creasing computational cost of higher order Magnus expansion terms68761,

These exact methods are valid regardless of Magnus expansion convergence, and can be
readily adapted to more complex systems and sources of noise. Example future areas of ap-
plication may include finite pulse errors, rotation angle errors, and interacting systems, which
can be major contributors to dephasing and decoherence. In addition, frequency domain analy-
sis can complement existing filter function approaches, which are frequently employed to study
dynamical decoupling protocols across quantum information science and related fields!””787,
We foresee future use of beyond AHT techniques in designing optimized measurement proto-
cols that adhere to leading order Magnus approximations in the presence of dephasing sources,
for open quantum simulations, and as potential reward metrics for optimal control and machine

learning approaches!!"*+3% Extending this beyond AHT approach to higher-dimensional systems
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may also be relevant to sensing protocols that leverage qudit structures''>*%8!. However, in such

cases we expect the contributions to the radius of convergence in Eq. (2.9) to remain pertinent.
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2.8 Supplementary Notes

2.8.1 Magnus Expansion

The Magnus expansion is an approximate solution to a linear differential equation of the

form

Y(t) = O)(t), (2.15)

where the solution is given by the expression

W(t) = exp (1)) . (2.16)

For the pulse sequences considered in the main text, O(t) = —iH}, during the k-th period of free
evolution ((k — 1)7 < t < kT, with 7 being the duration of each period). H} denotes the toggling
frame Hamiltonian during this interval. To evaluate the m-th order term in the Magnus series,

Q,,, we follow the steps outlined in Arnal et al. 20187%],

O = = S (BB 4 0) = 37 g(0)A(0), @.17)

m!

Sl=

g

where
t tl tm—l
A(J) = / dt, / dty - - / dtmO(to(l))O(tg(g)) ce O(ta(m)) . (2.18)
0 0 0
Here, o is a permutation of {1, ..., m}, while d, and d, are the number of ascents and descents

in a permutation o, respectively.
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2.8.2 Discrete Time

We consider a series of toggling frame Hamiltonian operators that are constant during pe-
riods of duration 7. For a sequence of total duration n7, Eq. (2.18) can be expressed by discrete

sums over these n sub-intervals,

n 1 Tm—1 1T min(tz,z27] min{tym—1,ZmT]
A =S [ [ e 1,0(t) -+ Olt )
o1=1zo=1  ag,=1"@1—D7 (wa—1)T (@m—1)T

(2.19)

Setting A(o) = Y- a(Z, o) with

1T min(to,z27] minftym—1,ZmT)
a(f, (7) = / dtq / dty - - / dtm0<t0(1)) < O(tg(m)) (2.20)
( ( (

1—1)7 zo—1)T Tm—1)T
1T min[te,xa7] min{ty,—1,Tm7|
= Owgm e Oxa(m) / dt, / dtg--- / dtp, (2.21)
(z1—-1)T (z2—1)T (zm—1)T
= Oz, [(7), (2.22)

where O = O((k — 1)7 < t < kr), the function f(Z) is the result of the nested integrals,

and O -0 = Oz,. We can evaluate the individual contributions for an arbitrary sub-

To(1) To(m)

interval denoted by © = (x1,...,xy,). During this sub-interval, O(t,(1)) - - - O(to(m)) = Oz is
constant and can be taken out of the integral. Since x; > x;,, the sequence ¥ is in descending

order. Therefore, for a pair of neighboring indices x; and x; 1, the corresponding nested integrals
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in a(Z, o) fall under one of two cases:

min[ti,l,:(:i‘r] T 1T
/ dti/ dtipr, ifx; > 2
( (

x;—1)T Tip1—1)T

min[ti_l,xiﬂ'] ti ’
/ dtz‘/ dtipr, ifx; =2
(zi—1)7 (zig1—1)T

(2.23)

min[t;—1,2;7] min(t;,z;4+17]
/ dt; / dtipy =
(zi—1)7 (zig1—1)T

When z; > z;,1, the bounds of the integrals are independent, and can be evaluated separately.
However, if z; = x;,1, we combine and evaluate the integrals that correspond to a subsequence
containing only repeated indices. For k repeated indices, i.e., x;11 = Tj0 = -+ = Tj1k, WE

obtain the following result:

Tit1T tit1 titk—1 Tk
(Tig1—1)7 (Tip2—1)T (Tipr—1)7 k!

When applied to the entire set of indices Z, each unique integer x; with k; repeated entries
introduces a multiplicative factor 77 / (k;!) during evaluation of the corresponding time integrals.

For example, for a particular set of m = 11 indices @' = (4,4, 3,3,3,3,3,2,1,1, 1), we obtain

T = — / ’ o .. ’
a(x 70) - 2| 5' 1' 3' \Ozo‘(l) O:EO_(Q) ma(ll)l’ (2'25)
—_— ~~
F@) Ot o

where 7; describes any time between i7 < t < (i + 1)7 when O(¢) is constant. As a result, the

Magnus expansion can be expressed as

(2.26)



2.8.3 Magnus expansion converges for rapid echoes

We have that

a(fa J) = Z f(f)of,o ) (227)

where 7 = (21, %, ..., Z.) is a vector of indices with z; > x;4.

We define rapid echos as having each odd pulse followed by an even pulse that generates
a toggling frame Hamiltonian of opposite sign, such that Oy;_; = —O,;. To show that a(Z, o)
is zero for an arbitrary sequence of rapid echoes, we first consider the case where x; is an even
number, repeats k times (r; = xo = - - - = x}), and is then followed by the index x; that does

not belong to the same echo (z,1 # x1 and x;,1 # x1 — 1), namely
.fO: (.Tl,...,.flll,.rk+17...). (228)
——
k repetitions

We shall see that a(Zy, o) is cancelled by sets of indices of the form

—

7 (\xl,...,xg,\xl—1,...,x1—1j,xk+1,...). (2.29)

Vv Vv
k — [ repetitions [ repetitions

Specifically, a(%y, o) is cancelled by all the other sets of indices that start with & pulses belonging

to the same echo. To show this, we notice that

F(@) = %f(xm, )= ("“)f(xm, Y (2.30)
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which results in

k k
Z f(fl)oflﬂ = %f(xk-i-lv .- ) Z(_l)l (?) Ofo,d : (2.31)

The factor (—1)" comes from exchanging each O,, ; for —O,, as Oz, is converted to Oz, ,-

Applying the identity
Z(—l)j(z.) =0, (2.32)

we obtain
k

> f(@)0z.0=0. (2.33)
1=0
This implies that the total contribution from all set of indices & starting with % pulses in the same

echo is equal to zero. Therefore, since the sum ) _ . f(Z)O;z, can be sub-divided according to the

number of starting pulses belonging to the same echo, we immediately see that

-
T

Y f(@)0z0 =Y f(@)0z0+ Y f(&)Os5+---=0. (2.34)
ki1 Kl

Under these conditions, we conclude that the Magnus series contribution at arbitrary order is

Zero, 1.€.,

o,%

Q=Y glo)a(F o) =D g(o) Y f(#)Oz, =0, (2.35)

2.8.4 Numerical simulation with random echo sequences

As a sanity check, we generate 10* random sequences of n = 20 with a rapid echo structure,
compute the Magnus expansion up to order m = 5, and calculate the spectral norm of each order.

We find that all the spectral norms are around 107!, limited by machine precision (for double-
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precision numbers) and therefore zero for practical considerations. We conclude that no rapid
echo sequences have non-zero Magnus expansion for these parameters, consistent with the result
in the previous section.

The random echo sequences are described by the most general Hamiltonian (up to a multi-
plicative constant) for a two-level system, H (6, ¢) = sin 6 cos ¢, + sin 6 sin ¢o, + cosfo,. To
generate a random Hamiltonian, we select a random value of § within [0, 7| and a random value
of ¢ within [0, 27r]. A sequence of M rapid echoes (n = 2M) is generated using M random
Hamiltonians, each repeated with the opposite sign. Consequently, the sequence is H (61, ¢1),

—H(01,01), ..., HOm, dm), and —H (Or, s ).
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Chapter 3: Ensemble Cluster Sampling for Heterogeneous Dynamical Decou-

pling

The work described in this chapter is currently being organized as a manuscript for journal sub-
mission.

My contributions include project conception, numerical simulations and development of ECS en-
vironments for algorithm training, genetic algorithm implementation, manuscript preparation,
and supervision of all project components. I expect to share a statement of equal contribu-
tion with George Witt, who has spent years working alongside me to develop and supervise all
project components, in addition to leading efforts on algorithmic approaches, implementation,
and results. Connor A. Hart worked with me to develop the project idea, and provided guidance
during early years of the project. The work was performed under the supervision of Ronald L.

Walsworth.

3.1 Introduction

Ensemble quantum systems form the backbone of precision measurement, from atomic
clocks, to magnetic resonance imaging to solid-state sensors based on nitrogen-vacancy (NV)
centers in diamond %21, Their sensitivity hinges on maintaining quantum coherence across many

identical subsystems, where averaging across the ensemble enables improvements in signal-to-

67



noise!*%3!. However, preserving coherence across large ensembles is fundamentally limited by
heterogeneities: variations in local electromagnetic fields, many-body interactions, and control

parameters across the measurement region 6848

. Addressing these variations is key to transi-
tioning from proof-of-concept demonstrations to scalable quantum technologies #%.

Dynamical decoupling (DD) techniques tackle decoherence by applying timed control
pulses to suppress unwanted interactions. While analytic approaches based on average Hamil-
tonian theory have produced workhorse sequences like CPMG and XY8P687:8889 ' they rely on
idealized assumptions that often break down in experimental conditions*®!. Recent algorithmic
approaches, including those based on machine learning, show promise for system-tailored proto-

col engineering %"

. However, these methods face a core challenge: training on single-instance
systems leads to overfitting that fails to capture the heterogeneities encountered in real experi-
mental ensembles.

We introduce Ensemble Cluster Sampling (ECS), a scalable simulation framework that
directly incorporates experimentally motivated parameter distributions into quantum control op-
timization. Rather than simulating full many-body dynamics—computationally intractable for
realistic ensemble sizes—ECS represents the ensemble as a collection of smaller, finite-size clus-
ters, each sampling from distributions of Hamiltonian parameters. This approach exploits the
local nature of dominant interactions in systems like NV centers, where dipolar couplings limit
the effective correlation length®!). By evolving each cluster in parallel and evaluating DD proto-
cols across the full parameter distribution, ECS enables the discovery of pulse sequences that are
inherently robust to ensemble heterogeneities.

We apply ECS to two distinct algorithmic search methods: deep reinforcement learning

using proximal policy optimization and a heuristic beam search technique!°>*!. Training these
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algorithms on ECS environments rather than single-instance systems yields improvements in
decoupling fidelity when pulse sequences are evaluated on ensemble distributions. Beyond DD
sequence discovery, ECS enables direct simulation of ensemble dephasing dynamics: our simula-
tions of NV-diamond systems reproduce the expected concentration-dependent scaling behavior,
with our idealized treatment placing upper bounds on ensemble dephasing times for given defect
concentrations. These results establish ECS as a broadly applicable tool for quantum control in

ensemble systems!®*!, with implications extending beyond the DD applications shown here.

3.2 Ensemble Cluster Sampling (ECS)

Realistic quantum ensembles exhibit significant heterogeneity across the detection volume.
In NV diamond magnetometry, for example, variations in local magnetic fields, strain environ-
ments, defect separations, and microwave control amplitudes can span orders of magnitude across
a macroscopic sample*3>%1, Similarly, atomic vapor magnetometers face challenges from opti-
cal pumping inhomogeneities, magnetic field gradients, and spin-exchange broadening!*®!, while
trapped ion sensors contend with variations in trap frequencies, laser intensities, and local electric
fields across the ion crystal*7-*%9°-1%1 " Traditional approaches to quantum control design either
ignore this heterogeneity entirely—optimizing sequences for idealized, uniform systems—or use
approximate methods such as mean-field theories that cannot capture the full distribution of local
environments ®!,
The key insight that enables Ensemble Cluster Sampling is that dominant interactions in

many quantum platforms are inherently local. For dipolar-coupled spin systems like NV cen-

ters, interactions scale as (distance)™3, ensuring that each spin is primarily influenced by its
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Figure 3.1: (a) Conceptual illustration of ensemble cluster sampling (ECS), where n¢ clusters
are drawn from distributions of Hamiltonian parameters.(b) Distributions of nearest-neighbor
diamond lattice spacing d and corresponding coupling strengths .J, for defect concentration
C = 2ppm. (c) Average variance of the propagator under a Ramsey sequence as a function
of the number of clusters /N,;¢, averaged over 5000 samples per point. The inset shows example
variance distributions. Saturation approaching N, = 100 sets the minimum cluster count for
simulation use.

nearest neighbors rather than the global ensemble state. Similarly, in atomic vapor systems,
spin-exchange collisions are predominantly local processes, while trapped ion crystals exhibit
nearest-neighbor Coulomb interactions that dominate dynamics®?. As illustrated in Fig. 3.1(a),
ECS assumes the ensemble as a collection of no low-dimensional clusters, each capturing its
local environment while remaining computationally tractable for numerical simulations.

To implement ECS for NV diamond systems, we define a cluster Hamiltonian H(Z) that
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captures the dominant dipolar interactions and local disorder. For a pair of electronic spins 7 and
J displaced by 7;;, we describe the dipolar coupling strength by

h 2
g moh?
47 r3.

)

3.1

where 7, is the electron gyromagnetic ratio, ji is the vacuum permeability, and A is the reduced

Planck constant. Under the secular approximation!!°!l, the cluster Hamiltonian takes the form:

H(E) =Y ), [05059 - 5 (5959 + SP5)]

i<j

+) O ASY,

(3.2)

where Sg(f%,z are spin-1/2 operators, A; represents local magnetic disorder (or any static shift),
and scalar modifiers o and 3 account for specific interaction forms !

Each cluster is initialized by randomly populating a diamond lattice region with defects at
concentration C, then selecting a representative spin pair for evolution. This process generates
realistic distributions of coupling strengths as shown in Fig. 3.1(b), while maintaining computa-
tional tractability via small cluster sizes. Additional heterogeneity is incorporated by sampling
local magnetic disorder and control field variations from Gaussian distributions, creating a statis-
tical ensemble that captures the essential physics of local environments across the full ensemble
parameter space.

A key advantage of ECS is that only a single parameter, n¢, requires tuning to guarantee

ensemble convergence. We choose n¢ by studying the convergence of ensemble statistics under

representative control sequences. We evaluate the variance of the time evolution propagator under
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a Ramsey sequence consisting of two 7 /2-rotation pulses separated by a free evolution interval.
For each value of n¢, we compute the propagator U across all clusters and calculate the sum
of matrix element variances. As shown in Fig. 3.1(c), this variance saturates as nc increases
beyond approximately 100 clusters, indicating convergence of the ensemble representation'. The
accompanying inset shows the variance distributions with increasing n¢, transitioning from broad
distributions at small cluster numbers to narrow Gaussians at larger values, in line with the central
limit theorem['93:104],

This saturation behavior provides a simple yet practical convergence check: once the vari-
ance plateaus, additional clusters yield diminishing statistical improvements while increasing

computational cost.

3.3 Heterogeneous Dynamical Decoupling

Next we apply ECS? Our first approach employs deep reinforcement learning (RL)!%1,
illustrated in Fig. 3.2(a). We formulate sequence discovery as a sequential decision problem. At
each step ¢, the algorithm selects from a library of p = 9 possible pulses (actions), which consists
of 7/2- and 7-rotation pulses about +z, +y axes in addition to a null action choice. After the
chosen pulse action a; is applied to the ensemble, all clusters evolve freely under their respective
Hamiltonians H (%) for time 7 before the next pulse. The system state s, at each step contains
the expectation values and covariance matrix for a complete basis set of operator observables.

After the pulse a; and free evolution, the updated state s;; is input to the algorithm to decide

! Alternative metrics such as the Kullback-Leibler divergence between cluster distributions can similarly quantify
convergence 102,

2Note minor modifications were made to how interactions are generated. We sample from Gaussian distributions
of defect separations before converting to interaction strengths to eliminate time spent on lattice generation.
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Figure 3.2: (a) Schematic of deep reinforcement learning approach using proximal policy opti-
mization (PPO). The policy network 7,(s;) decides the pulse action a, at integer step ¢, which is
applied to the ECS environment followed by a free evolution period 7. The resulting state s; 1 is
fed back to the network to decide the next action. Network weights are updated periodically using
the ensemble reward R. (b) Decoupling score histograms for best-performing RL PPO sequences
from point-sample training (light blue) and ECS training (dark blue). (c) The beam search algo-
rithm starts with a random seed sequence—a beam—and generates all neighbor sequences with
up to k pulse changes. The top np = 100 pulse sequences are selected as new beams to repeat the
search. (d) Histograms for best-performing beam search sequences for point-sample (green) and
ECS training (dark green). Reference sequence Angle-12 from Peng et al.!!! is plotted in both (b)
and (d) as black histograms.

the next pulse action a,;. This iteration continues until a sequence of length L is constructed:
(a1, T,a9,T,...ar,T).

The challenge in dynamical decoupling sequence discovery lies not just in the exponen-
tially large search space (p” possible sequences) but in finding sequences that perform robustly
across the heterogeneous parameter distributions. Traditional approaches either optimize for non-
generalizable dynamics!!! or rely on restrictive assumptions about noise spectra and bath prop-

erties. We define an evaluation (reward) metric R that quantifies pulse sequence performance
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across the ensemble. For the i-th cluster evolved under U;, we first calculate F; = Tr|U;| /27,
representing the decoupling fidelity with respect to ideal (trivial) unitary evolution. Next, a log-
transform is used to amplify differences in fidelity, which is crucial for RL given the sparseness
of high-performing sequences in the search space. This decoupling score R; is then averaged

across all clusters to give the ensemble reward:

R=(R) =(-m(1-F)), (33)

Note that even high-performing DD sequences are not guaranteed to show steady improve-
ment in decoupling fidelity during construction, so we modify our R to be sparse—rewards are
only provided at the last pulse. As an example of a modern RL framework with proven success
in discrete sequence optimization, we employ Proximal Policy Optimization (PPO), a policy-
gradient method that maintains stable learning in sparse reward environments by limiting policy
updates through gradient clipping°?.

We benchmark our approach by comparing to the best-performing 12-pulse sequence,
Angle-12, from a reinforcement learning result by Peng et al.!'!. Shown as the black reference
histograms in Fig. 3.2(b) and 3.2(d), Angle-12 was discovered using an alternative RL implemen-
tation with a smaller action library of p = 5 pulse choices (totaling a search space of 52 ~ 108
sequences, well within brute-force search capabilities), to decouple dipolar interactions within
a spin-1/2 chain. For fair comparison, we modify our cluster Hamiltonian to use « = § = 1
in Eq. (3.2), representing purely dipolar-coupled spin pairs, and expand our action library to

9 choices to provide greater sequence design flexibility. In contrast to our ECS approach, the

reference sequence was trained on “point-sample” environments—a single cluster of spins with

74



fixed Hamiltonian parameters. Despite being the optimal sequence within its original training
environment, Angle-12 exhibits a broad performance distribution with significant variance when
evaluated across realistic parameter heterogeneity—precisely the generalization challenge that
motivates ensemble training methods.

Initial PPO training attempts on point-sample systems reproduced this generalization limi-
tation. Figure 3.2(b) illustrates the overfitting problem through reward distributions achieved by
sequences discovered using point-sample training (light blue histogram). While these sequences
achieved high performance under their specific training conditions, evaluation across the full ECS
parameter distribution reveals performance comparable to the literature reference - shown by a
low-performance tail and lower average fidelity.

The solution lies in training directly on ECS environments that capture the full parameter
heterogeneity from the outset. Rather than optimizing sequences for idealized conditions, we
train PPO algorithms on the ensemble clusters sampled from experimentally motivated param-
eter distributions. This ensemble training approach forces the algorithm to discover sequences
with high average fidelity across the parameter space, naturally selecting for robustness. The ef-
fectiveness of this approach is demonstrated in Fig. 3.2(b), where the "Ensemble RL” histogram
(dark blue) shows improved performance compared to point-sample training. This improvement
reflects the algorithm’s discovery of sequence patterns that are inherently robust to parameter
variations. Instead of exploiting narrow resonance conditions that fail under parameter changes,
ensemble training identifies dynamical decoupling protocols that maintain effectiveness across
the sampled range of dipolar coupling strengths, magnetic disorder, and control field imperfec-
tions present in realistic experimental conditions. The resulting sequences represent a funda-
mentally different class of control protocols—optimized not for ideal performance under specific
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conditions, but for high average fidelity in the presence of heterogeneity.

The generalizability of ensemble training extends beyond reinforcement learning to other
algorithmic search methods. To demonstrate its broad applicability, we also implemented a
modified beam search algorithm—a heuristic exploration technique that expands from high-
performing sequences by exploring local neighborhoods in sequence space!'%!. As shown in
Fig 3.2(c), a randomized seed sequence—referred to as a beam—is mutated by generating all
possible neighbor sequences with up to k pulses changed (i.e., Hamming distance dy < k). The
top ng = 100 candidates are selected as new beams and the mutation process repeats on all of
these individually, while maintaining a taboo list to prevent redundancy.

Figure 3.2(b) shows that beam search exhibits the same dramatic improvement when trained
on ECS environments versus point-sample conditions. The “Point-Sample Beam” distribution
(light green) displays the characteristic broad, low-performance tail seen with RL point-sample
training, while "Ensemble Beam” (dark green) achieves a narrow, high-performance distribution.
Remarkably, the ensemble-trained beam search not only overcomes the generalization challenge
but also achieves higher overall rewards than the ensemble-trained RL approach, with peak per-
formance reaching decoupling scores above 10. This method-agnostic improvement reinforces
the benefits of ensemble training rather than algorithmic specifics. Both RL and beam search,
when exposed to the full parameter heterogeneity during optimization, find robust sequence de-
signs that maintain high decoupling scores across diverse experimental conditions. The superior
performance of beam search reflects its systematic exploration of sequence neighborhoods - man-
ual inspection of sequences showed smaller Hamming distances between high-performing pulse
sequences, which motivated our use of beam search.

These results establish ensemble training as a general principle for robust quantum con-
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trol design that extends beyond the specific DD applications demonstrated here. The core in-
sight—that optimization algorithms must be exposed to realistic parameter heterogeneity during
training to achieve practical robustness—applies broadly to quantum control problems where sys-
tem parameters vary across experimental runs or detection volumes. The ECS framework itself
offers immediate applications to other quantum sensing modalities. Atomic vapor magnetometers
face similar ensemble heterogeneity from optical pumping variations, magnetic field gradients,
and thermal density fluctuations, while trapped ion sensors must contend with variations in trap
frequencies, laser intensities, and local electric fields. In each case, ECS offers a computationally
tractable representation of the ensemble while capturing the dominant local interactions that gov-
ern decoherence. The linear scaling with cluster number makes ECS particularly attractive for
exploring parameter spaces that would be unfeasible with full many-body simulations. Beyond
sensing applications, ensemble training addresses a key challenge in quantum control: the gap
between theoretical optimization under idealized conditions and practical performance in realistic
experimental environments. This shift from pursuing ideal performance to ensuring robustness is
essential as quantum technologies transition from proof-of-principle demonstrations to practical

applications requiring consistent operation across diverse conditions.

3.4 Ensemble Dephasing Timescale

Beyond enabling robust control sequence discovery, ECS provides a framework for direct
simulation of ensemble dephasing dynamics that offers unique theoretical insights. In NV di-
amond systems, ensemble coherence is limited by multiple decoherence mechanisms including

dipolar interactions between NV centers, coupling to nuclear spin baths, magnetic field gradients,
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Figure 3.3: (a) Ramsey decay curves show ensemble sz projection decreasing with free evolu-
tion time 7, for varying defect concentration C' with central spin simulations. (b) Fitted decay
timescales are plotted as a function of C', on a log-log plot. A reference line from Bauch et al. is
shown in black.

strain inhomogeneities, and control field imperfections!®*!**!, While experimental studies char-
acterize the combined effect through phenomenological decay times, ECS enables systematic

investigation of individual contributions by simulating idealized systems with controlled noise
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sources.

Here we examine concentration-dependent dephasing for clusters of spin pairs, where each
pair samples realistic coupling strengths from the ensemble distribution. We implement two dis-
tinct interaction dynamics prevalent in NV diamond samples!®¥: a central spin model, where an
NV center couples to a nearby P1 defect (set « = 1 in H(Z)), and a like-spin pair model, repre-
senting NV-NV dipolar interactions (o = 2)!°!!. The central spin model reflects the experimental
scenario where P1 electronic spins dominate magnetic noise while control fields interrogate only
the central NV spin. The like-spin model captures direct NV-NV interactions within the ensem-
ble. This systematic isolation of individual decoherence mechanisms demonstrates ECS’s unique
capability for controlled parameter studies. By aggregating these dynamics across the full pa-
rameter space, we establish fundamental upper bounds on ensemble dephasing times that reveal
the intrinsic limits imposed by dipolar coupling alone.

We probe these limits using Ramsey interferometry sequences, consisting of two ideal
7 /2-pulses separated by a period of free evolution 7. Each cluster evolves a spin pair initially
polarized along the +z direction, with interaction strength determined by the distance distribution
shown in Fig. 3.1(b) and Eq. (3.1). The central spin model results are shown in Fig. 3.3(a),
which contains time series decay curves of ensemble-averaged S, projection under pure dipolar
coupling. Both interaction models yield qualitatively similar decay behavior, differing primarily
in absolute timescales, so we present only the central spin curves for visual clarity. Exponential
decay fits are used to extract ensemble dephasing times 75 as a function of defect concentration
C, demonstrating faster decay with increasing defect concentration.

To isolate the effect of dephasing due to dipolar interactions, we implement a near-idealized
ECS simulation with perfect experimental conditions, with ideal control pulses and no magnetic
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disorder. As shown in Fig. 3.3(b), fitted 75 values for both central spin (blue) and like-spin pair
(red) models reproduce the expected power-law scaling with defect concentration, demonstrating

excellent agreement with experimental trends[?!:%!

. Besides agreement in scaling behavior, we
observe a gap in absolute timescales one to two orders of magnitude longer than experimental
measurements. This difference is to be expected - with solely interaction-induced dephasing,
these timescales likely suggest upper bounds to 73 for a given defect concentration, due to our
use of near-ideal unitary evolution with no dissipative dynamics. No realistic quantum control
protocol can exceed these limits, making them fundamental benchmarks for experimental perfor-
mance.

Our analysis of upper bound dephasing times can be extended to scenarios where bulk
nitrogen concentration [N] is more readily measured than specific defect populations ([NV] or
[P1]). The additional scaling lines in Fig. 3.3(b) show how defect conversion efficiency (fraction
of defect population with respect to total nitrogen) affects achievable dephasing times. For ex-
ample, at 1 ppm total nitrogen with 100% conversion to NV centers, the maximum 73 reaches

~ 3 ps, but smaller conversion efficiencies of 10% or 1% would yield proportionally longer

dephasing times of approximately 30 us or 300 us, respectively.
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3.5 Supplementary: Genetic Algorithm for Dynamical Decoupling Sequence

Search

Nitrogen-vacancy (NV) spin ensembles in diamond provide an advanced magnetic sens-
ing platform at ambient conditions. Improvements in fabrication techniques provide access to
diamond material with moderate (~1 ppm) to high (> 10 ppm) NV densities while maintaining
isotopic purity and low (2 10 kHz) crystal strain gradients. Combining dynamical decoupling
techniques and suppression of spin bath induced dephasing, NV coherence magnetometry can op-
erate within the interaction-limited regime, where spin coherences are restricted by interactions
between NV sensor spins. By considering the effective average Hamiltonian during a quantum
control sequence, previous influential work in Hamiltonian engineering successfully extends NV
coherence by suppressing the effects of such dipolar interactions, resulting in sensitivity improve-
ments to AC magnetic fields.

In this section, we search for pulse sequences with the goal of dyanamically decoupling
an interacting spin system, by implementing a genetic algorithm (GA) for a spin-1/2 chain that
includes the effects of magnetic disorder and pulse errors. We compare our results to a select
pulse sequence, namely DROID-60, which was developed by Choi et al.!¥! to decouple magnetic
dipolar interactions in the presence of magnetic disorder and pulse errors. To optimize the GA,
we vary its parameters and repeat the algorithm 50 times. We inspect a pulse sequence that
achieves higher fidelity than DROID-60 in the presence of pulse rotation errors, but conclude
that this improvement is not present when there are no pulse errors.

For the purpose of magnetic sensing with dense NV ensembles, the rotating frame Hamil-
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tonian includes the Zeeman contribution H,;, = .5, for magnetic-field-dependent energy « and
dipolar coupling strength Hg,. The collective spin operators in z,y, z are denoted as S, ,, . and
S0 — (Sz, Sy, S») represents a vector containing these 3 spin operators. So far, we only consider
nearest-neighbor interactions, and the unit displacement vector between nearest neighbor spins ¢

and 7 is represented by 7;; below.

i£]
:&%+Z _% [3 <§<z’> r]> (gw m) _ g, gm} (3.5)
Hgy;s i#J ~~
H;;

The general form of the interaction is indicated by H;;. Within the NV spin-1 ground state
sublevels, certain transitions are suppressed due to the anharmonicity introduced by the zero-

11 Additionally double flip-up or flip-down transitions are suppressed as these

field splitting
terms in the Hamiltonian are rapidly rotating. After applying these approximations, the effective

dipole-dipole Hamiltonian in the rotating frame is shown below for spins ¢ and j for aligned vs

misaligned quantization axes.

o , 1| 00+ +10,+) (+,0] B o .
= (1 — Jcos 6) - = + 52752 aligned
H, ~ +1=,0) (0, = +10, =) (=, 0]
%(1 — 3cos? 0) S gy misaligned
T g

(3.6)

Kets (and bras) |m; € {0,£}, m; € {0, £}) denote the coupled spin states for the i-th and
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j-th spins, with each being spin-1. 6 refers to the angle between the spin quantization axis 2 and
the displacement vector 7, related by cos § = 2 - . We start by studying only the aligned case.

In this section we only study spin-1/2 ensembles. This is because there are established
pulse sequences that effectively decouple spin-1/2 dipolar interactions, which we will use as a
benchmark while we optimize parameters of the genetic algorithm. To be specific, we study the
Lukin sequence B (DROID-60) as our reference!®>%, as it is designed to decouple both dipolar
interactions and disorder effectively, while being robust to pulse errors.

In our pulse action library, we allow 7/2 and 7 pulses along +x and +y. We also include
composite pulses with 2 consecutive pulses as individual actions. Including the identity operator
(no pulse), the number of unique pulse actions is 22. Thus for a pulse sequence of length m = 48,

248 ~ 1054, which is not tractable using a brute

the number of possible pulse sequences total 2
force search.
Given a native static Hamiltonian H; = Hg;s+ H 44, the system undergoes unitary evolution

via the operator U, = exp (—%HST) during each free evolution interval 7. The overall unitary

after applying the pulse sequence is therefore

U ({Am}> - UTAmUTAmfl e UTAI (37)

We use the fitness function given by Fuyni shown in Eq. 3.8, for a sequence of m pulse
action unitaries {A,,}. For the sole goal of mitigating preserving a quantum state, the target

unitary is the identity operator U, = 1. The fitness function Fyni({A;,}) is thus defined as a
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comparison between the overall unitary and the target unitary (via inner product), shown below.

Fitness: Funi({An}) =—In |1 - /%/Tr{ ‘U {An}) UtTgt

N

} (3.8)

-~
Fidelity

Here, N denotes a normalization factor which depends on the dimensionality of the system. For
a spin-1/2 ensemble of n spins, ' = 2". The log function is used in anticipation of fidelity values
near unity. For reference, fidelity values of 3 nines (0.999), 5 nines and 7 nines result in fitness
values of Fyn; = 6.9, 11.5 and 16 respectively.

A genetic algorithm is an optimization procedure used to solve problems by maximizing
or minimizing a particular fitness function!'”, and is inspired by biological processes such as
natural selection & mutation. We express each pulse sequence of length m as a genetic individual
- an array with m elements denoting the pulse actions.

We outline one iteration of the learning process used for the genetic algorithm approach, to

be repeated up to N¢ times.

1. Define a population of N,,, pulse sequences. For the first generation, initialize the pulse

sequences randomly.

2. Evaluate the fitness F ({A,,}) of all pulse sequences, rank agents by their fitnesses.

3. The pulse sequence with the best fitness value is labeled the “elite” of the current genera-
tion. This pulse sequence is included in the next generation of pulse sequences without any

changes made.

4. Selection: a process is carried out to replace the remaining population. Currently we
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are employing a selection “tournament” which randomly selects N sequences from the
current generation and keeps the one with the highest fitness. This is repeated Nyo, — 1
times until the number of pulse sequences total N,,,. Typically we use tournament sizes

Ny ~ 10% of Noop.

. Crossover: The population is split into 2 halves and pairs of pulse sequences are matched

up. With a user-defined probability P, sequence pairs undergo “crossover”, which in-
volves swapping segments within their pulse sequence with each other (helpful pictures).
For now, we employ a uniform crossover procedure, which utilizes a flat probability pc of

each pulse participating in the crossover.

Mutation: After crossover, each pulse sequence has a chance Pj; of being mutated. If a
sequence is targeted for mutation, each pulse within the sequence is resampled from the

pulse action library with a uniform probability of p,,.

Note some similarities in the execution between DRL in Peng et al!'! and GA approaches -

both handle a population of agents or pulse sequences and rank them based on fitness evaluations.

The main functional differences include 1. direct manipulations of the pulse sequences rather than

neural network weights, and 2. crossovers between pulse sequences within a generation.

Below I list the parameters to be optimized for the GA approach.

Maximum number of generations N¢.

Population Nyp.

Tournament size Nr.

Sequence crossover probability P¢.
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* Pulse crossover probability pc.
* Sequence mutation probability P ;.

* Pulse mutation probability pj,.

We use the DEAP package in Python to implement the genetic algorithm. This module
contains several ready-to-go default scripts for the steps outlined in the GA approach, including

selection, crossover and mutation functions.

3.5.1 GA Results

For all the genetic algorithm executions shown here, our spin chain contains N = 3 spins.
The length of DROID-60 is 48, so the length of our pulse sequence m is fixed to match that. The
interaction and disorder strengths are J;,; = 1 kHz and o = 1 MHz respectively.

We start by fixing both the Hamiltonian and GA parameters and running the pulse sequence
search, repeated 50 times. The results are shown in Fig. 3.4, and the GA parameters listed in the
caption. The purpose of the 50 repetitions is to mitigate the dependence of the search results on
the initial seed. To clarify, the randomness inherent to this approach can lead to guesses that result
in high fitness pulse sequences, but does not necessarily mean that the GA parameters used are
better in general. By choosing a set of GA parameters and averaging the performance over many
initial seeds, this should better describe the overall performance of the GA using these parameters.
This average fitness fbest(ng) is shown on the left of Fig. 3.4, for each generation number n.
The right figure only shows the best fitness across all 50 repetitions, for each generation ng.
Note: although we look to these average trends while we optimize the GA parameters, we are
ultimately concerned with the best pulse sequence that was discovered for our problem. Thus
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pulse sequence candidates are chosen from those with the absolute best fitness values, as shown

on the right plot.
Best Avg Fitness Best Abs Fitness
-- Lukin Seq B 13 ---- Lukin Seq B
10
12
9
11
a8 @
) @10
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8
5
1
4
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Generation No. Generation No.

Figure 3.4: Statistics for genetic algorithm repeated with 50 seeds. Left: Best fitness values
]-_"best(n(;) averaged over 50 seeds, as a function of generation number ng. Right: Best fitness
value across all 50 seeds, plotted at each generation. Black dashed line shows fitness of sequence
B under these conditions. Hamiltonian parameters: N = 3, J,; = 1kHz, 7 = 2us, a =
10 kHz, +5% pulse rotation error. GA parameters: Ny, = 501, Ng = 4000, Ny = 3, P¢ =
0.5, Pc = 0.1, PM = 0.5, Pym = 0.06

In Fig. 3.4, it appears that the GA is able to find pulse sequences with higher fitness
values than Lukin’s sequence B (black dashed line). However, this is specific to the Hamiltonian
parameters used. In particular, this statement is true in the presence of the 5% rotation error
applied to all pulses. Below in Fig. 3.5 I show the results of a comparable execution of the GA
but without pulse errors.

We see that, despite the GA’s ability to achieve respectable fitness values Fyn; ~ 23 (10
nines), the fitness of sequence B is superior here. The plotted fitness value 30 for sequence B is
artificially imposed - I capped the fitness at 30 to avoid infinities during the log evaluations. This

fitness Fyn; = 30 corresponds to a fidelity of ~ 13 nines.
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Figure 3.5: Statistics for genetic algorithm repeated with 50 seeds. Left: Best fitness values
}_"best(ng) averaged over 50 seeds, as a function of generation number ng. Right: Best fitness
value across all 50 seeds, plotted at each generation. Black dashed line shows fitness of sequence
B under these conditions. Hamiltonian parameters: N = 3, J,; = 1kHz, 7 = 2us, a =
10 kHz, no pulse angle error. GA parameters: Ny, = 101, Ng = 4000, Ny = &, P¢ =
0.5, Pc = 01, PM = 05, Pyv = 0.06

3.5.2 Optimizing GA parameters

We use the figure of merit established earlier to evaluate the performance of our genetic
algorithm as we vary its parameters - the best fitness averaged over multiple seeds Feq (na).
An example is shown in Fig. 3.6, where the individual pulse mutation probability p,, is swept.
F value of p;;, we obtain one trace of the best fbest(ng) with colors indicating the mutation
probability p,; used for the 50 repetitions.

Best performance is observed for py; ~ 0.06. The values for fbest(NG) at the last gen-
eration N is shown on the right plot with respect to p,,. The values of fbest(NG) at the last
generation looks to be largest between 0.04 < p;; < 0.08. For a 48-pulse sequence this cor-
responds to around 2 to 4 individual pulse mutations on average. Note that error bars indicate
standard deviations across the 50 averages.

We repeat this analysis while varying GA parameters. The parameters that have shown

to be most impactful towards the performance of the GA are p); and pc, the probabilities for
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individual mutation and individual crossover respectively.
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Generation No. P_MUTATE_INDEP

Figure 3.6: Fitness graphs for genetic algorithm executions with individual pulse mutation prob-
ability p,s (denoted as P MUTATE_INDEP) varied between 0.01 and 0.15, each repeated over
50 seeds. Left: Each trace shows the best fitness values f-"best(ng) averaged over 50 seeds,
as a function of generation number ng. Right: Best average fitness values at the last gener-
ation (no. 400). Standard deviation across all 50 repetitions are shown as error bars. Black
dashed line shows fitness of sequence B under these conditions. Hamiltonian parameters:
N =3, Jine = 1kHz, 7 = 2us, a = 10 kHz, +5% pulse rotation error. GA parameters:
Npop = 101, NG = 400, NT = 37PC = 05, Pc = 01, PM = 05, PMm = 0.06

3.5.3 Deviations from Hamiltonian parameters

As we optimize genetic algorithm parameters, we study the pulse sequences discovered by
our searches. For any given pulse sequence, we wish to evaluate its performance (fitness) when
properties of the Hamiltonian is changed. Specifically, we study the best pulse sequence from
Fig. 3.4 and compare it to DROID-60, where there is a 5% pulse angle error. The colorplots in
Fig. 3.7 show the fitness of this pulse sequence as «, J;,,;, 7 and pulse angle errors are varied, two

at a time. The white dotted line indicates the parameters used for the GA executions.
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Figure 3.7: For the pulse sequence with the highest fitness from Fig. 3.4 (right), plots show
fitness when Hamiltonian parameters are changed in the presence of +5% pulse error. Top left:
« and 7 are varied. Top right: J;,,; and 7 are varied. Bottom left: Rotation angle error and « are
varied. Bottom middle: Rotation angle error and .J;,,; are varied. Bottom right: Rotation angle
error and 7 are varied. White dotted line indicates parameters used for GA execution and pulse
sequence search. Green dashed lines mark fitness contours for this pulse sequence.

Next we show the fitness of DROID-60 with the Hamiltonian parameters varied around the
same range, shown in Fig. 3.8. Performance is relatively homogeneous at F ~ 7 with changes of
a few percent. In contrast, the fitness of the GA-derived pulse sequence varies much more in Fig.
3.7. Also, we typically expect the performance of decoupling sequences to improve at smaller
values 7, « and J;,;. This is reflected in DROID-60, but not for the sequence found by the GA.
Instead, we see local regions of higher fitness at specific values of o and 7 (top left plot in Fig.
3.7). However, we do note improved fitness values as we decrease .J;, (top right plot in Fig. 3.7),
but only if 7 is fixed.

To show relative fitness improvement over DROID-60, we subtract the reference fitness

values in Fig. 3.8 from those in Fig. 3.7, and plot them below in Fig. 3.9. The GA pulse
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Figure 3.8: Fitness of DROID-60 sequence over a range of Hamiltonian parameters, in the pres-
ence of pulse error +5%. Left: o and 7 are varied. Right: J;,,; and 7 are varied. White dotted line
indicates parameters used for GA execution and pulse sequence search

sequence obtains higher fitness values than DROID-60 in regions of parameter space bounded
by a yellow dashed line. We also plot fitness improvements when the rotation angle error is
changed. We conclude that the discovered pulse sequence only achieves higher fitness values in
the presence of these pulse errors, but suffers greatly when they are absent i.e. when angle_err
~ 1. This is made more evident in Fig. 3.10; for fractional pulse angle errors close to 1 (no error),
DROID-60 achieves excellent fitness values close to the maximum allowed (30), far superior than

the numbers achieved by this pulse sequence.

3.5.4 Outlook

In this section, we implement a genetic algorithm implementation to dynamical decouple
an interacting spin chain coupled by dipolar interactions, with magnetic disorder and pulse rota-
tion angle errors included. These results are compared to a selected pulse sequence DROID-60,
which has been experimentally demonstrated to effectively decouple strongly interacting solid-
state spins in diamond while retaining a response to an AC magnetic field.

Initial results suggest that the performance of the GA can readily exceed that of the ref-
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Figure 3.9: Improvement of pulse sequence fitness relative to DROID-60 sequence, over a range
of Hamiltonian parameters, in the presence of pulse error +5%. Top left: o and 7 are varied. Top
right: J;,,; and 7 are varied. Bottom left: Rotation angle error and « are varied. Bottom middle:
Rotation angle error and J;,,; are varied. Bottom right: Rotation angle error and 7 are varied.
White dotted line indicates parameters used for GA execution and pulse sequence search. Pink
dashed lines mark the fitness contour for DROID-60 (no improvement). Minimum colorscale
value is manually capped at 0, which indicates no fitness improvement.
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Figure 3.10: Same data as in Fig. 3.9 but with the colorscale edited so the minimum fitness
improvement is not capped at 0.
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erence pulse sequence. However, when the best-performing pulse sequence is tested on spin
systems with adjusted Hamiltonian parameters, immediate reductions in fitness values are ob-
served. These analyses suggest that the GA is over-fitting to the spin environment. Potential
future developments include the consideration of varying spin environment parameters to more
accurately emulate experimental settings, such as the use of a distribution of Hamiltonian param-
eters to represent a realistic ensemble of spin chains. In addition, alternate fitness functions may
be developed to represent sensing performance (for example, by including a target signal field),

enabling the GA to search for pulse sequences optimized for broadband or narrowband sensing.
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Chapter 4: TEMPO: A Python Package for Time Evolution of Pulse Sequences

in QuTiP

This chapter has been adapted from the preprint titled

TEMPO: A Python Package for Time Evolution of Pulse Sequences in QuTiP,

with authors Jner Tzern Oon, Sonja A. Hakala, George A. Witt, and Ronald Walsworth,

posted on the Arxiv!%/,

My contributions include project conception, code structure design, manuscript preparation, and
supervision of all project components. I am proud to share a statement of equal contribution
with Sonja A. Hakala, who led code development and worked with me on all structural decisions
in addition to initial drafts of the manuscript. George Witt developed a suite of unit tests for
the package. Sonja A. Hakala and I drafted the initial manuscript, with assistance from George
A. Witt, and Ronald Walsworth. The work was performed under the supervision of Ronald L.

Walsworth.

4.1 Summary

TEMPO (Time-dependent Evolution of Multiple Pulse Operations) offers accessible and
efficient simulations of pulse sequences in Python, using the suite of master equation solvers

available in the Quantum Toolbox in Python (QuTiP). It enables straightforward definition of
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pulse sequence structures, including any underlying time-dependent Hamiltonians and pulse tim-
ing information, and faster simulations of pulse sequence dynamics (compared to naive imple-
mentations using QuTiP) while remaining compatible with the existing collection of QuTiP sub-
packages. Given the ubiquitous use of pulse sequences throughout quantum information/computing
sciences, magnetic resonance studies, and quantum metrology, this work has immediate relevance

to a wide array of research applications.

4.2 Statement of Need

Pulse sequences typically contain a series of discrete operations (pulses) using radio fre-
quency, microwave, or optical fields. Their application for quantum control has an extensive
history across atomic physics (!!°!); nuclear magnetic resonance (!!!%); solid-state spin systems
used in quantum technologies (!'); and a broad range of other platforms. In recent years, re-
search into quantum technologies has driven the development of advanced software tools for
numerical simulations of quantum systems (''''). In particular, the QuTiP (Quantum Toolbox
in Python) framework provides open-source tools for simulations of open quantum systems, and
has received prolific use across numerous quantum applications ('!'>1131) solvers that are native
to QuTiP, TEMPO provides two key advantages for numerical simulations of pulse sequence
dynamics.

Ease of Use: By incorporating both the characteristics of a Hamiltonian and its time con-
straints as necessary properties, pulses are first constructed individually, then collated to form
a ‘pulse sequence’. Time evolution is performed without the need to manually deactivate each

pulse Hamiltonian outside its given time interval. Using pulse ‘recipes’ in TEMPO, the creation
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Figure 4.1: Outline of steps in TEMPO used to perform time evolution due to a pulse se-
quence. First, each pulse recipe contains the functional form of a time-dependent Hamiltonian
H;(t) = O; - fi(x,t). Pulse recipe(s) are used to create individual pulse(s) Py, ..., P,, with in-
dividual parameter settings Xy, ..., Xy, respectively. The pulses are organized into a sequence
along with an optional static Hamiltonian. Next, the pulse sequence is provided to the Evolver,
with an initial system state )(¢y) and an array of evaluation times (¢, t1,...,%,). Time evolu-
tion returns the state ¢(t), ..., (t,,) at these times; if operators Ey, ..., E; are provided, the
operator expectation values Ey(to), ..., E;(ty) are calculated instead.

of pulses with overlapping functional forms is streamlined, with parameters that can be tuned for
individual pulses.

Faster Executions of Time Evolution: TEMPO organizes each pulse sequence as a series
of time segments, preserving only the pulses that are active within each segment. This avoids
overheads incurred by repeated inspections of inactive pulse(s), significantly speeding up evalu-

ation of system evolution.

4.3 Usage

There are five main classes that make up a simulation in TEMPO: Pulse Recipe, Pulse,
Hamiltonian, Pulse_Sequence, and Evolver. In general, simulations can be easily ex-

ecuted by following the steps outlined below, which are illustrated in Figure 4.1.
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1. Create a pulse recipe by defining the functional form of the time-dependent Hamiltonian

Hi(t) = O; - fi(x,1).

The user provides an operator/matrix O and scalar function f(x,t) that depends on input

parameters x and time ¢.

2. Create individual pulse(s) P, ..., P, by providing a pulse recipe, individual parameter
settings Xi, . . . , X, and pulse timing information.
3. Generate a pulse sequence by inputting the pulses P, ..., F,, and optionally a time-

independent (static) Hamiltonian.

4. To evolve the system in time, the pulse sequence is provided to the Evolver class along with
the initial system state v(to) (state vector or density matrix) and an array of time points
to,t1,...,tm. The system state is returned at these times. It is also possible to provide
collapse operators for evolution using the Linbladian (open) master equation, along with

operators for calculation of expectation values at these times.

5. The Evolver returns the system state (ty), . . . , ¥ (¢,,) or operator expectation values at the

times provided.

4.4 Efficient Simulation Times

Using the existing master equation solvers available in QuTiP, TEMPO provides significant

speedups in simulations of multi-pulse sequences. Without TEMPO, the simulation (wall-clock)
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Figure 4.2: (a) Average simulation wall-clock time 7s as a function of pulse sequence duration 7
without using TEMPO, for number of pulses n = 5, 10, 20, 50, shown in shades of blue. Average
simulation times using TEMPO are shown in red at high pulse number count (n = 50). Best-
fit curves are displayed as dashed lines, with slope values plotted in (b) for measurements with
TEMPO in red and without TEMPO (via QuTiP’s mesolve function) in black. (c) Example
visualization of pulse sequence segmentation performed by TEMPO, where n = 3 pulses result
in 2n — 1 = 5 time segments for solver evaluation. All measurements of 7s are average values
over 20 repeated runs.

time T's generally follow a linear trend with respect to 1) the total duration of a pulse sequence 7,

and 2) the number of pulses n, roughly obeying

Tgxn-T.

This dependence is highlighted in Figure 4.2(a), which shows measurements of the average sim-
ulation time with varying 7. Each set of measurements, shown as points of the same color, is per-
formed for a fixed number of pulses n. Without TEMPO (shades of blue), the fitted slope for each
set of measurements increases with n, exhibiting a linear dependence as shown in Figure 4.2(b).
In contrast, the use of TEMPO (red) results in simulation times that are nearly independent of the

number of pulses n, instead following T's oc 7. As a result, the slope of each best-fit line using
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TEMPO stays roughly constant with respect to n, as shown in Figure 4.2(b).

This advantage can be understood by considering how the solvers are constructed natively
(without TEMPO). At each timestep during the pulse sequence, the solver typically inspects if
each pulse is active at this time. This results in n checks at each timestep and thus the rough
linear dependence of 7T's with respect to n.

Instead, TEMPO first divides the pulse sequence into consecutive time segments for effi-
cient time evolution, illustrated by an example in Figure 4.2(c). By creating segment breaks at
the start and end of each pulse, TEMPO preserves only the active pulses in each of the 2n — 1
segments. The solver is then executed consecutively across each segment, without any redundant
checks of inactive pulses. As a result, simulation times are largely independent of n, besides

minor overheads from repeated use of the solver.
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Conclusion

This dissertation presents four studies that span experiment, simulation, theory, and algo-
rithmic learning.

Chapter 1 characterized electron Ramsey envelope modulation (EREEM) in '>’NV diamond
magnetometry, revealing how magnetic field misalignments produce unexpected envelope modu-
lation effects that degrade sensor performance. Even modest misalignments significantly reduce
the contrast at envelope modulation nodes, substantially degrading sensor performance when bias
fields are not perfectly aligned with NV axes. The study showed that these modulations exhibit
characteristic beat frequencies and amplitudes that depend on both the bias field magnitude and
its orientation relative to the NV quantization axis. Through experimental validation and an intu-
itive vector model, we showed that this effect stems from electron-nuclear hyperfine coupling in
transverse magnetic fields—a phenomenon well-studied in electron spin echo measurements but
previously uncharacterized in Ramsey protocols. The analysis revealed systematic differences
between experimental measurements and previous literature values for hyperfine parameters, and
showed that double-quantum protocols can dramatically suppress these envelope modulations,
explained by nearly antiparallel electronic effective fields that result in negligible modulation
amplitudes.

Chapter 2 examined the breakdown of Average Hamiltonian Theory in quantum sensing
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applications, revealing that this foundational framework fails in the operating regimes most rel-
evant for solid-state quantum sensors. The work established that the conditions guaranteeing
Magnus expansion convergence conflict with common operating conditions for magnetometry
with solid-state spins, where energy scales and sequence durations routinely exceed convergence
thresholds. In this regime, the Magnus series produces unreliable predictions for sensor per-
formance, unless higher order contributions are suppressed. We developed exact methods for
calculating sensor coupling factors and discovered that specific symmetry structures allow the
Magnus approximation to remain accurate well beyond its guaranteed radius of convergence. In
particular, rapid echo structures maintain AHT accuracy outside the convergence radius. These
findings provide exact methods that are valid regardless of Magnus expansion convergence and
establish new principles for pulse sequence design that operate beyond Average Hamiltonian
Theory limitations.

Chapter 3 introduced Ensemble Cluster Sampling (ECS) to address the fundamental chal-
lenge of applying quantum control algorithms to experimental ensembles with parameter het-
erogeneities. We demonstrated that reinforcement learning and beam search algorithms, when
trained on fixed parameter systems, produce pulse sequences that overfit to specific conditions
and exhibit poor generalization performance across parameter distributions encountered in real
experiments. The ECS framework was shown to overcome this limitation by representing experi-
mental ensembles as collections of smaller clusters, each sampling from distributions of Hamilto-
nian parameters that capture realistic variations in dipolar coupling strengths, magnetic disorder,
and control field imperfections. The study applied both reinforcement learning and beam search
algorithms to the ECS framework, finding that training these algorithms on heterogeneous en-

vironments rather than single-instance systems yields substantial improvements in decoupling
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fidelity when pulse sequences are evaluated on ensemble distributions. The results showed that
ensemble training produces sequence patterns that are inherently robust to parameter variations,
representing a fundamentally different class of control protocols optimized for high average fi-
delity across parameter spaces rather than peak performance under specific Hamiltonian param-
eter conditions.

Chapter 4 presented TEMPO, a Python package addressing computational barriers that
limit the scope and scale of pulse sequence optimization studies. The software overcomes the
scaling limitations of existing simulation approaches by organizing each pulse sequence as a se-
ries of time segments, preserving only the pulses that are active within each segment and avoiding
redundant checks of inactive pulses. Without this approach, simulation times scale unfavorably
with both the number of pulses and sequence duration, creating computational bottlenecks that
restrict pulse sequence complexity. In contrast, TEMPO achieves simulation times that are nearly
independent of the number of pulses, scaling primarily with sequence duration and providing sub-
stantial speedups for multi-pulse sequences. The package maintains compatibility with existing
QuTiP workflows while incorporating structures familiar to experimentalists working with pulse
generator hardware.

The work reveals the interconnected nature of theoretical, computational, and experimental
challenges in quantum sensing. The exact methods developed for beyond-AHT analysis could
be extended to higher-dimensional systems and more complex noise environments, potentially
revealing new classes of robust pulse sequences. The ECS framework provides a platform for ex-
ploring quantum control in increasingly realistic systems with applications extending to quantum
error correction and many-body quantum simulation. The computational insights from TEMPO

could inform next-generation quantum control software that seamlessly integrates theoretical de-
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sign with experimental implementation.

Several patterns emerge from these studies. First, the consistent discovery of unexpected
experimental phenomena—envelope modulations that degrade sensitivity, theoretical frameworks
that break down in relevant operating regimes, optimization algorithms that fail to generalize,
and computational bottlenecks that limit practical applications—demonstrates that discrepan-
cies between idealized models and experimental reality cannot be ignored. Second, the success
of approaches that explicitly model experimental complexity, whether through exact theoretical
methods or heterogeneous ensemble sampling, addresses the mismatch between ideal theoretical
predictions and realistic experimental outcomes.

This work demonstrates that discrepancies between idealized models and experimental re-
ality represent not obstacles but sources of scientific insight and technological innovation. Sys-
tematically characterizing and addressing these discrepancies help transition quantum sensing
from proof-of-concept laboratory demonstrations to robust technologies capable of impactful
applications. The path forward requires continued development of theoretical frameworks and
computational tools that prioritize robustness, reliability, and scalability rather than treating them

as secondary considerations.
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